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Summary 
 

 

Due to the rapid worldwide growth of international trade and commerce and to the fact that 

modern ships are larger, ports and harbors must therefore increase the depth of their fairways in 

order to maintain or enhance their economic competitiveness. This would definitely facilitate 

commercial and economic growth but the port activities are also likely to cause deterioration of 

air and marine water quality in the surrounding areas. A port can lead to severe pollution 

problem, over a large area due to the multifarious activities. 

 

Recently, as a concern of Eco-port is increased internationally, the improvement of water 

quality at the harbor or fishery port has gained increasing importance. Therefore, several 

methods have been studied to improve the water quality at the harbor or fishery port, and SEB 

(Seawater Exchange Breakwater) has been focused among these study. SEB is the structure 

established at the breakwater for exchanging the water of inside area with the seawater from 

outside. It, then, has greatly improved the water quality on the port where the SEB has been 

established (Han and Lee, 2006). But it has been shown a problem that the water on the inside 

area that is far from the SEB cannot be exchanged well, so that the water quality on that area has 

been still poor. 

 

In this study, to solve the problem of the SEB, Manifold channel, a new concept of SEB, is 

applied at the fishery port to exchange the water on the inside area. By using the manifold 

channels, it is possible to exchange the water on the inside area, where cannot be exchanged by 

the SEB, with the seawater from outside. In addition, it can be prevented partial eddies, which 

might be occurred by the SEB, by controlling gate conditions of manifold channels. 

 

To compare Manifold channel with previous SEB, a numerical model by two layer current of 

Jumunjin fishery port where the SEB has been established is carried out, and the computed 

results are compared with observed data to verify this model. Also, virtual manifold channels 

are assumed on Jumunjin fishery port, and the two layer current model is carried out under the 

same condition as the SEB. And then it is examined that Manifold channel has an advantage 

over the SEB for the water exchange on the inside area.  



vi 

 

The results of these comparisons are shown that Manifold channel has an advantage over the 

SEB for the water exchange on the inside area. Also, to examine the effect of gate conditions in 

Manifold channel, five cases of manifold channels are established on Jumunjin fishery port, and 

the two layer current model is carried out. From these results, the suitable outflow gate positions 

of the manifold channels are identified. 

 

In the future, the study on the detailed outflow gate positions will be continued, also, to 

improve the numerical analysis of the flow domain, this model will be developed as multi-layer 

current. Therefore, Manifold channel might be used broadly for the design of a breakwater to 

develop the facilities of port with waterfront area and water amenity. 
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CHAPTER 1 

INTRODUCTON 

 

 

1.1 Background 

 

More than 50% of the world population lives close to the coast, of which more than 300 

million inhabit the coastal urban areas. Entering the 21st century, there are significant increases 

in maritime trade among various countries. To meet the increasing demands of population and 

requirements of the industries, new ports are being constructed or existing ports are being 

expanded throughout the world. This would definitely facilitate commercial and economic 

growth but the port activities are also likely to cause deterioration of air and marine water 

quality in the surrounding areas. A port can lead to severe pollution problem, over a large area 

due to the multifarious activities. 

 

Recently, as the concern of Eco-port is increased internationally, the improvement of water 

quality at the harbor or fishery port has gained increasing importance. Therefore, several 

methods have been studied to improve the water quality at the harbor or fishery port, and SEB 

(Seawater Exchange Breakwater) has been focused among these study in recent year. SEB is the 

structure established at the breakwater for exchanging water of inside area with seawater from 

outside. It, then, has greatly improved the water quality on the port where SEB has been 

established (Han and Lee, 2006). But it has been shown a problem that the water on the inside 

area that is far from the SEB cannot be exchanged well, so that the water quality on that area has 

been still poor. 

 

In this study, to solve the problem of SEB, Manifold channel, a new concept of SEB, is 

introduced. By using the manifold channels, it is possible to exchange the water on the inside 

area, where cannot be exchanged by SEB, with seawater from outside. Therefore, the 

contaminated water of inside area can be exchanged by the seawater from outside, throughout 
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the port. Also, it can be prevented partial eddies, which may be occurred by the SEB, by 

controlling gate conditions of manifold channel. 

 

 

 

1.2 Objectives 

 

In recent years, as the concern of Eco-port is increased internationally, the improvement of 

water quality at the harbor or fishery port has gained increasing importance. Therefore, SEB is 

often applied for improving water quality at the harbor or fishery port. But it still has problem 

that the water at the inside area that is far from the SEB cannot be exchanged well. 

Accordingly, the main objectives of this study are to exchange the water of inside area, where 

cannot be exchanged by the SEB, with the seawater from outside area. Therefore, Manifold 

channel, a new concept of SEB, is proposed, the effect of the water exchanging on the inside 

area by Manifold channel is investigated. By using numerical simulation, the suitable 

conditions and aspect of Manifold channel can be designed. 

 

 

 

1.3 Study contents 

 

A numerical analysis of two layer current by finite element method is described in this 

study. To verify this numerical analysis and to investigate Manifold channel, the numerical 

model by two layer current of Jumunjin fishery port where the SEB has been established is 

carried out. Also, virtual manifold channels are assumed on Jumunjin fishery port, and the two 

layer current model is simulated to examine the effect of Manifold channel. The six chapters 

consist as follows: 

In Chapter 1, the background and the purposes of this study are given. 
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In Chapter 2, the finite element methods solving the primitive variables of incompressible 

flows are discussed and the basic equations of two layer current are explained. 

In Chapter 3, to apply two layer model, the moving boundary is applied to this model, and it 

is described. 

In Chapter 4, the numerical model by two layer current of Jumunjin fishery port is 

performed by two cases; Case 1 is computed for tidal current and Case 2 is established SEB. 

And the numerical results are compared with the observed data to verify this model. 

In Chapter 5, the numerical analysis conditions and the information of the manifold 

channels are described, and the numerical model of Jumunjin fishery port with virtual 

manifold channels is simulated. Also, to examine the effect of gate condition in Manifold 

channel, five cases of manifold channels are assumed and the numerical model is simulated. 

In Chapter 6, the main achievements of present study are prescribed, and some remained 

problems are discussed. 
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CHAPTER 2 

FORMULATIONS OF FINITE ELEMENT ANALYSIS 

 

 

Many numerical methods have been proposed for incompressible flows. In this chapter, the 

finite element methods solving the primitive variables of incompressible flows are discussed 

and the basic equations of two layer current are explained as follows. 

 

 

2.1 Shallow Water Equation 

 

The non-linear shallow water equation is applied to calculate the water behavior. The 

shallow water equation consists of the Navier-stokes equation and the Euler’s equation of 

continuity, which can be written as follows: 

 

 𝑈 + 𝑈𝑗𝑈𝑖 ,𝑗 + 𝑔𝜂,𝑖 − 𝜈𝑒 𝑈𝑖 ,𝑗 + 𝑈𝑗 ,𝑖 ,𝑗
+ 𝛼𝑏𝑈𝑖 = 0 (1) 

 

 
𝜕𝜂

𝜕𝑥
+   𝑏 + 𝜂 𝑈𝑖 ,𝑖 = 0 (2) 

 

where, 𝑈 is averaged velocity, 𝜂 is the water elevation from the mean sea level, 𝑏 is the 

depth from the mean sea level to the sea bed, 𝑔 is the gravity acceleration, 𝜈𝑒  is the eddy 

viscosity, respectively. The friction on the bed is considered by linear and expressed as 

follows: 

 

 𝛼𝑏 =
𝑓𝑏

 𝑏 + 𝜂 𝜌
 𝑈𝑘𝑈𝑘 (3) 

 

where, 𝑓𝑏  is the friction on the bed. 
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2.2 Boundary Conditions 

 

The initial condition in an actual coastal zone is difficult to know, the computation starts 

with the calm sea domain is assumed as the initial boundary condition. 

 

  𝜂 = 𝜂 0
𝑈𝑖 = 𝑈 𝑖0

          𝑎𝑡  𝑡 = 0 (4) 

 

The boundary conditions are shown in Fig.1 and it can be defined as  

 

 𝑈𝑛 = 0         𝑜𝑛  Γ𝐿 (5) 

 

 𝜂 = 𝜂           𝑜𝑛  Γ𝑂 (6) 

 

where the subscript 𝑛 refers to a normal velocity to the coastline and 𝜂  is the temporary 

surface elevation at each time. 

 

 

 

Fig. 1 Boundary conditions 
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2.3 Basic Equations of Two Layer Current 

 

The coordinates X, Y, Z are illustrated in Fig. 2. In the subsequent development of the two 

layer current equations, the following notation will be used: 𝑈 and 𝑉 are the velocities of 

the upper and lower layer, 𝜂 is the water elevation from the mean sea level, 𝑏 is the depth 

from the mean sea level to the sea bed, and 𝑑 is the depth from the mean sea level to 

interface level, respectively. 

 

 

Fig. 2 Two layer model 

 

To obtain the continuity equation of two layer model, Euler’s equation of continuity is 

integrated over the depth of the upper layer vertically, which is expressed by 

 

   
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
 𝑑𝑍 = 0

𝜂

−𝑑

 (7) 

 

Application of Leibnitz’ rule for interchanging the order of differentiation and integration in 

the first two integrals and direct evaluation of the third integral yield the following equation: 

 

 

𝜕

𝜕𝑥
 𝑢𝑑𝑍
𝜂

−𝑑

+
𝜕

𝜕𝑦
 𝑣𝑑𝑍
𝜂

−𝑑

+  𝑤𝜂 − 𝑢𝜂
𝜕𝜂

𝜕𝑥
− 𝑣𝜂

𝜕𝜂

𝜕𝑦
 

− 𝑤𝑑 + 𝑢𝑑
𝜕𝑑

𝜕𝑥
+ 𝑣𝑑

𝜕𝑑

𝜕𝑦
 = 0

       (8) 
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When the three-dimensional flow equations are integrated over the depth, the need arises for 

conditions on the flow at the surface, interface and bottom. If the equation of boundary is 

𝐹 𝑥,𝑦, 𝑧, 𝑡 = 0, then at every point on the boundary we must have the equation as follows: 

 

 
𝐷𝐹

𝐷𝑡
=  

𝜕𝐹

𝜕𝑡
+ 𝑢

𝜕𝐹

𝜕𝑥
+ 𝑣

𝜕𝐹

𝜕𝑦
+ 𝑤

𝜕𝐹

𝜕𝑧
= 0 (9) 

 

The boundary condition at the surface is 𝑍 = 𝜂 𝑥,𝑦: 𝑡 = 0, which can be expressed by 

 

 𝐹 𝑥,𝑦, 𝑧: 𝑡 = 𝑍 − 𝜂 𝑥,𝑦: 𝑡 = 0 (10) 

 

Substituting Eq. (10) into Eq. (9) yields the following equation: 

 

 
𝜕𝜂

𝜕𝑡
+ 𝑢𝜂

𝜕𝜂

𝜕𝑥
+ 𝑣𝜂

𝜕𝜂

𝜕𝑦
= 𝑤𝜂                        𝑎𝑡  𝑍 = 𝜂 (11) 

 

The boundary condition at the interface is 𝑧 = −𝑑(𝑥,𝑦: 𝑡), which can be expressed by 

 

 𝐹 𝑥,𝑦, 𝑧: 𝑡 = 𝑧 + 𝑑 𝑥,𝑦, : 𝑡 = 0 (12) 

 

Substituting Eq. (12) into Eq. (9), leads to 

 

      
𝜕𝑑

𝜕𝑡
+ 𝑢𝑑

𝜕𝑑

𝜕𝑥
+ 𝑣𝑑

𝜕𝑑

𝜕𝑦
= −𝑤𝑑                       𝑎𝑡  𝑍 = −𝑑 (13) 

 

Boundary conditions Eq. (11) and Eq. (13) can be applied to Eq. (8) to reduce it to the form 

as following equation: 

 

 
𝜕

𝜕𝑡
 𝜂 + 𝑑 +

𝜕

𝜕𝑥
 𝑢 𝑑𝑍
𝜂

−𝑑

+
𝜕

𝜕𝑦
 𝑣 𝑑𝑍
𝜂

−𝑑

= 0 (14) 
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The 𝑈 and 𝑉 of the vertically averaged velocity of the upper layer are defined by 

 

 𝑈 =
1

𝜂 + 𝑑
 𝑢 𝑑𝑍
𝜂

−𝑑

 (15) 

 

 𝑉 =
1

𝜂 + 𝑑
 𝑣 𝑑𝑍
𝜂

−𝑑

 (16) 

 

Substituting Eqs. (15) and (16) into Eq. (14), results in 

 

 
𝜕

𝜕𝑡
 𝜂 + 𝑑 +

𝜕

𝜕𝑥
 𝑈 𝜂 + 𝑑  +

𝜕

𝜕𝑦
 𝑉 𝜂 + 𝑑  = 0 (17) 

 

By using Einstein notation, the continuity equation of the upper layer is rewritten as follows: 

 

 𝜂 + 𝑑 +  𝑈𝑖 𝜂 + 𝑑  ,𝑖 = 0 (18) 

 

From an analogous development of the upper layer, for the lower layer, Euler’s equation of 

continuity is vertically integrated over the depth of the lower layer, which is expressed by 

 

   
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
 𝑑𝑍

−𝑑

−𝑏

= 0 (19) 

 

Application of Leibnitz’ rule for interchanging the order of differentiation and integration in 

the first two integrals and direct evaluation of the third integral yield the following equation: 

 

 

𝜕

𝜕𝑥
 𝑢 𝑑𝑍
−𝑑

−𝑏

+
𝜕

𝜕𝑦
 𝑣 𝑑𝑍
−𝑑

−𝑏

+  𝑤𝑑 + 𝑢𝑑
𝜕𝑑

𝜕𝑥
+ 𝑣𝑑

𝜕𝑑

𝑝𝑦
 

− 𝑤𝑏 + 𝑢𝑏
𝜕𝑏

𝜕𝑥
+ 𝑣𝑏

𝜕𝑏

𝜕𝑦
 = 0

     (20) 

 

The boundary condition at the interface is 𝑍 = −𝑑 𝑥,𝑦: 𝑡 = 0, which can be expressed by 

 

 𝐹 𝑥,𝑦, 𝑧: 𝑡 = 𝑍 + 𝑑 𝑥,𝑦: 𝑡 = 0 (21) 
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Substituting Eq. (21) into Eq. (9) yields the following equation: 

 

           
𝜕𝑑

𝜕𝑡
+ 𝑢𝑑  

𝜕𝑑

𝜕𝑥
+ 𝑣𝑑

𝜕𝑑

𝜕𝑦
= −𝑤𝑑                        𝑎𝑡  𝑍 = −𝑑 (22) 

 

The boundary condition at the bottom is 𝑧 = −𝑏(𝑥,𝑦), which can be expressed by 

 

 𝐹 𝑥,𝑦, 𝑧: 𝑡 = 𝑍 + 𝑏 𝑥,𝑦 = 0 (23) 

 

Substituting Eq. (23) into Eq. (9), leads to 

 

      𝑢𝑏  
𝜕𝑏

𝜕𝑥
+ 𝑣𝑏

𝜕𝑏

𝜕𝑦
= −𝑤𝑏                        𝑎𝑡  𝑍 = −𝑏 (24) 

 

Boundary conditions Eqs. (22) and (24) can be applied to Eq. (20) to reduce it to the form as 

following equation: 

 

 −
𝜕𝑑

𝜕𝑡
+

𝜕

𝜕𝑥
 𝑢 𝑑𝑍
−𝑑

−𝑏

+
𝜕

𝜕𝑦
 𝑣 𝑑𝑍
−𝑑

−𝑏

= 0 (25) 

 

The 𝑈 and 𝑉 of the vertically averaged velocity of the lower layer are defined by 

 

 𝑈 =
1

𝑏 − 𝑑
 𝑢 𝑑𝑍
−𝑑

−𝑏

 (26) 

 

 𝑉 =
1

𝑏 − 𝑑
 𝑣 𝑑𝑍
−𝑑

−𝑏

 (27) 

 

Substituting Eqs. (15) and (16) into Eq. (14), results in 

 

 −
𝜕𝑑

𝜕𝑡
+

𝜕

𝜕𝑥
 𝑈 𝑏 − 𝑑  +

𝜕

𝜕𝑦
 𝑉 𝑏 − 𝑑  = 0 (28) 

 

By using Einstein notation, the continuity equation of lower layer is therefore  
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 𝑑 +  𝑉𝑖 𝑑 − 𝑏  ,𝑖 = 0 (29) 

 

The equations of motion in the 𝑥,𝑦 and 𝑧 directions are described by the Navier-Stokes 

equations as follows: 

 

 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
+

1

𝜌

𝜕𝑃

𝜕𝑥
−

1

𝜌
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑧

 = 0 (30) 

 

 
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
+

1

𝜌

𝜕𝑃

𝜕𝑦
−

1

𝜌
 
𝜕𝜏𝑥𝑦

𝜕𝑥
+
𝜕𝜏𝑦𝑦

𝜕𝑦
+
𝜕𝜏𝑦𝑧

𝜕𝑧
 = 0 (31) 

 

 
𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
+

1

𝜌

𝜕𝑃

𝜕𝑧
+ 𝑔 −

1

𝜌
 
𝜕𝜏𝑥𝑧
𝜕𝑥

+
𝜕𝜏𝑦𝑧

𝜕𝑦
+
𝜕𝜏𝑧𝑧
𝜕𝑧

 = 0 (32) 

 

where, 𝑢, 𝑣 and 𝑤 are the velocity components in the 𝑥,𝑦 and 𝑧 directions, 𝑃 is pressure, 

𝜌 is fluid density, 𝜏 is shear stress, 𝑔 is gravity acceleration, respectively. 

Navier-Stokes equations can be simplified by assuming that the vertical accelerations are 

negligible and that the shear stresses are negligible compared to gravity and the vertical 

pressure gradient. These assumptions are equivalent to stating that the pressure in the 𝑧 

direction is hydrostatic. Eq. (32) is then expressed as follows: 

 

 
𝜕𝑃

𝜕𝑍
= −𝜌𝑔 (33) 

 

 𝑃 = 𝜌𝑢𝑔(𝜂 − 𝑍) (34) 

 

where, 𝜌𝑢  is the density of the upper layer.  

Substituting Eq. (34) into Eq. (30) and Eq. (31), leads to 

 

 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
+ 𝑔

𝜕𝜂

𝜕𝑥
−

1

𝜌𝑢
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑧

 = 0 (35) 

 

 
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
+ 𝑔

𝜕𝜂

𝜕𝑦
−

1

𝜌𝑢
 
𝜕𝜏𝑥𝑦

𝜕𝑥
+
𝜕𝜏𝑦𝑦

𝜕𝑦
+
𝜕𝜏𝑦𝑧

𝜕𝑧
 = 0 (36) 
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Eq. (35) is integrated over the water depth of the upper layer and the Leibnitz’ rule is 

applied to yield, it can be written as: 

 

 

  
𝜕𝑢

𝜕𝑡
 𝑑𝑍

𝜂

−𝑑

+   𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
 𝑑𝑍

𝜂

−𝑑

+  𝑔
𝜕𝜂

𝜕𝑥
𝑑𝑍

𝜂

−𝑑

− 
1

𝜌
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
𝜕𝜏𝑥𝑧𝜕𝑧 𝑑𝑍

𝜂

−𝑑

=
𝜕

𝜕𝑡
 𝑢𝑑𝑍
𝜂

−𝑑

+
𝜕

𝜕𝑥
 𝑢2𝑑𝑍
𝜂

−𝑑

+
𝜕

𝜕𝑦
 𝑢𝑣𝑑𝑍
𝜂

−𝑑

+ 𝑔
𝜕𝜂

𝜕𝑧
 𝜂 + 𝑑 

−
1

𝜌
 

𝜕𝜏𝑥𝑥
𝜕𝑥

𝜂

−𝑑

𝑑𝑍 −
1

𝜌
 

𝜕𝜏𝑥𝑦

𝜕𝑦

𝜂

−𝑑

𝑑𝑍 −
1

𝜌
 

𝜕𝜏𝑥𝑧
𝜕𝑧

𝑑𝑍
𝜂

−𝑑

  

 
 
 
 
 

 
 
 
 

  (37) 

 

where, the first four term of Eq. (37) is given as 

 

  
𝜕𝜏𝑥𝑥
𝜕𝑥

𝑑𝑍
𝜂

−𝑑

=
𝜕𝜏𝑥𝑥
𝜕𝑥

 𝑑𝑍
𝜂

−𝑑

=
𝜕𝜏𝑥𝑥
𝜕𝑥

(𝜂 + 𝑑) (38) 

 

  
𝜕𝜏𝑥𝑦

𝜕𝑦
𝑑𝑍

𝜂

−𝑑

=
𝜕𝜏𝑥𝑦

𝜕𝑦
(𝜂 + 𝑑) (39) 

 

  
𝜕𝜏𝑥𝑧
𝜕𝑧

𝑑𝑍
𝜂

−𝑑

= 𝜏𝑥𝑧𝜂 − 𝜏𝑥𝑧𝑑  (40) 

 

 

 
1

𝜌𝑢
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑧

 𝑑𝑍
𝜂

−𝑑

=
1

𝜌𝑢
 𝜂 + 𝑑  

𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
 +

1

𝜌𝑢
 𝜏𝑥𝑧𝜂 − 𝜏𝑥𝑧𝑑  

     (41) 

 

Also, the shear stresses are expressed as follows: 

 

 𝜏𝑥𝑦 = 𝜇  
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
  (42) 

 

 𝜏𝑦𝑦 = 𝜇  
𝜕𝑣

𝜕𝑦
+
𝜕𝑣

𝜕𝑦
 = 2𝜇

𝜕𝑢

𝜕𝑦
 (43) 

 

 𝜏𝑥𝑥 = 𝜇  
𝜕𝑢

𝜕𝑥
+
𝜕𝑢

𝜕𝑥
 = 2𝜇

𝜕𝑢

𝜕𝑥
 (44) 
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Also, it is assumed that the shear stresses 𝜏𝑥𝑧𝜂 , 𝜏𝑧𝑥𝜂 , 𝜏𝑦𝑧𝜂 , 𝜏𝑧𝑦𝜂  at the surface are zero 

and that the shear stress at the interface is proportional to the velocity, the shear stress at the 

interface can be given as 

 

 𝜏𝑥𝑧𝑑 = 𝜏𝑧𝑥𝑑 = 𝜇  
𝜕𝑤

𝜕𝑥
+
𝜕𝑢

𝜕𝑧
 ≃ 𝐶𝑏

′  𝑈1 − 𝑉1  (45) 

 

where, 𝑈1 is the velocity component of the upper layer in the 𝑥 direction and 𝑉1 is the 

velocity component of the lower layer in the 𝑥 direction. 

Substituting Eqs. (42), (43), (44) and (45) into Eq. (41), leads to 

 

 

 
1

𝜌𝑢
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑧

 𝑑𝑍
𝜂

−𝑑

=
1

𝜌𝑢
 𝜂 + 𝑑  

𝜕

𝜕𝑥
 2𝜇

𝜕𝑢

𝜕𝑥
 +

𝜕

𝜕𝑦
𝜇  

𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
  −

1

𝜌𝑢
𝐶𝑏
′  𝑈1 − 𝑉1 = 0

     (46) 

 

Eq. (37) is therefore expressed as 

 

 

𝜕

𝜕𝑡
 𝑢𝑑𝑍
𝜂

−𝑑

+
𝜕

𝜕𝑥
 𝑢2𝑑𝑍
𝜂

−𝑑

+
𝜕

𝜕𝑦
 𝑢𝑣𝑑𝑍
𝜂

−𝑑

+ 𝑔
𝜕𝜂

𝜕𝑧
 𝜂 + 𝑑 

−
1

𝜌𝑢
 𝜂 + 𝑑  

𝜕

𝜕𝑥
 2𝜇

𝜕𝑢

𝜕𝑥
 +

𝜕

𝜕𝑦
𝜇  

𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
  +

1

𝜌𝑢
𝐶𝑏
′  𝑈1 − 𝑉1 = 0

     (47) 

 

The momentum correction coefficients of the upper layer are given as follows: 

 

 𝛽𝑥𝑥 =
1

 𝜂 + 𝑑 𝑈2
 𝑢2𝑑𝑍
𝜂

−𝑑

 (48) 

 

 𝛽𝑥𝑦 =
1

 𝜂 + 𝑑  𝑈𝑉
 𝑢𝑣𝑑𝑍
𝜂

−𝑑

 (49) 

 

Substituting Eq. (15), (16), (48) and (49) into Eq. (47), assuming that 𝜇 is constant for the 

depth in the 𝑥,𝑦 directions and that 𝛽𝑥𝑥  and 𝛽𝑥𝑦  are 1, respectively, the result is defined as 

follows: 
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𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑥
+ 𝑉

𝜕𝑈

𝜕𝑦
+ 𝑔

 𝜕𝜂

𝜕𝑥

−𝜈𝑒
𝑢
𝜕

𝜕𝑥
 2

𝜕𝑈

𝜕𝑥
 − 𝜈𝑒

𝑢
𝜕

𝜕𝑦
 
𝜕𝑉

𝜕𝑥
+
𝜕𝑈

𝜕𝑦
 +

𝐶𝑏
𝜂 + 𝑑

 𝑈1 − 𝑉1 = 0

     (50) 

 

where, 𝐶𝑏 =
𝐶𝑏
′

𝜌𝑢
  and 𝜈𝑒

𝑢  =
𝜇

𝜌𝑢
  is the eddy viscosity of the upper layer. 

The stress of the interface is considered to be linear, that is expressed as follows:  

 

 𝛼𝑚 =
𝐶𝑏

𝜂 + 𝑑
=

𝑓𝑚
 𝜂 + 𝑑 𝜌𝑢

  𝑈1 − 𝑉1 
2 +  𝑈2 − 𝑉2 

2 (51) 

 

where, 𝑓𝑚  is the friction coefficient of the interface, 𝑈2 is the velocity component of the 

upper layer in 𝑦  direction and 𝑉2  is the velocity component of the lower layer in 𝑦 

direction.  

From an analogous development, the 𝑦 component of the momentum equation can be 

yielded, and by using Einstein notation, the momentum equation of the upper layer is therefore 

obtained as follows: 

 

 𝑈 + 𝑈𝑗𝑈𝑖 ,𝑗 + 𝑔𝜂,𝑖 − 𝜈𝑒
𝑢 𝑈𝑖 ,𝑗 + 𝑈𝑗 ,𝑖 ,𝑗

+ 𝛼𝑚  𝑈𝑖 − 𝑉𝑖 = 0 (52) 

 

From Eq. (34), Eq. (32) for the lower layer is then expressed as follows: 

 

 𝑃 = 𝜌𝑢𝑔 𝜂 + 𝑑 − 𝜌𝑙𝑔 𝜂 + 𝑑  (53) 

 

where, 𝜌𝑙  is the density of the lower layer.  

By substituting Eq. (53) into Eqs. (30) and (31), the results lead to  

 

 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
+ 𝑔𝜀

𝜕𝜂

𝜕𝑥

+𝑔(𝜀 − 1)
𝜕𝑑

𝜕𝑥
−

1

𝜌𝑙
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑧

 = 0

     (54) 
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𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
+ 𝑔𝜀

𝜕𝜂

𝜕𝑦

+𝑔 𝜀 − 1 
𝜕𝑑

𝜕𝑦
−

1

𝜌𝑙
 
𝜕𝜏𝑥𝑦

𝜕𝑥
+
𝜕𝜏𝑦𝑦

𝜕𝑦
+
𝜕𝜏𝑦𝑧

𝜕𝑧
 = 0

     (55) 

 

where, 𝜀  =
𝜌𝑢

𝜌 𝑙
  is the rate of density. 

Eq. (55) is integrated over the water depth of the lower layer and the Leibnitz’ rule is 

applied to yield, it can be written as: 

 

 

  
𝜕𝑢

𝜕𝑡
 𝑑𝑍

−𝑑

−𝑏

+   𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
 𝑑𝑍

−𝑑

−𝑏

+  𝑔𝜀
𝜕𝜂

𝜕𝑥
𝑑𝑍

−𝑑

−𝑏

+ 𝑔 𝜀 − 1 
𝜕𝑑

𝜕𝑥
𝑑𝑍

−𝑑

−𝑏

=
𝜕

𝜕𝑡
 𝑢𝑑𝑍
−𝑑

−𝑏

+
𝜕

𝜕𝑥
 𝑢2𝑑𝑍
−𝑑

−𝑏

+
𝜕

𝜕𝑦
 𝑢𝑣𝑑𝑍
−𝑑

−𝑏

+ 𝑔𝜀
𝜕𝜂

𝜕𝑧
 𝑏 − 𝑑 

+𝑔 𝜀 − 1 
𝜕𝑑

𝜕𝑥
 𝑏 − 𝑑 

  

 
 
 
 
 

 
 
 
 

  (56) 

 

 

 
1

𝜌𝑙
 
𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑧

 𝑑𝑍
−𝑑

−𝑏

=
𝜕𝜏𝑥𝑥
𝜕𝑥

 𝑏 − 𝑑 +
𝜕𝜏𝑥𝑦

𝜕𝑦
 𝑏 − 𝑑 + 𝜏𝑥𝑧𝑑 − 𝜏𝑥𝑧𝑏

     (57) 

 

where, the shear stresses are expressed as follows: 

 

 𝜏𝑥𝑦 = 𝜇  
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
  (58) 

 

 𝜏𝑦𝑦 = 𝜇  
𝜕𝑣

𝜕𝑦
+
𝜕𝑣

𝜕𝑦
 = 2𝜇

𝜕𝑢

𝜕𝑦
 (59) 

 

 𝜏𝑥𝑥 = 𝜇  
𝜕𝑢

𝜕𝑥
+
𝜕𝑢

𝜕𝑥
 = 2𝜇

𝜕𝑢

𝜕𝑥
 (60) 

 

Also, it is assumed that the shear stresses at the interface and the bottom are proportional to 

the velocity, the shear stresses can be given as follows: 
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 𝜏𝑥𝑧𝑑 = 𝜇  
𝜕𝑤

𝜕𝑥
+
𝜕𝑢

𝜕𝑧
 ≃ 𝐶𝑏

′′  𝑈1 − 𝑉1  (61) 

 

 𝜏𝑥𝑧𝑏 = 𝜇  
𝜕𝑤

𝜕𝑥
+
𝜕𝑢

𝜕𝑧
 ≃ 𝐶𝑏

′′′ 𝑉2 (62) 

 

where, 𝑉1 is the velocity component of the lower layer in the 𝑥 direction and 𝑉2 is the 

velocity component of the lower layer in the 𝑦 direction.  

By substituting Eqs. (58), (59), (60), (61) and (62) into Eq. (57), then Eq. (56) is expressed 

as follows: 

 

 

𝜕

𝜕𝑡
 𝑢𝑑𝑍
−𝑑

−𝑏

+
𝜕

𝜕𝑥
 𝑢2𝑑𝑍
−𝑑

−𝑏

+
𝜕

𝜕𝑦
 𝑢𝑣𝑑𝑍
−𝑑

−𝑏

+ 𝑔𝜀
𝜕𝜂

𝜕𝑥
 𝑏 − 𝑑  

+𝑔 𝜀 − 1 
𝜕𝑑

𝜕𝑥
 𝑏 − 𝑑 −

𝜇

𝜌𝑙
 𝑏 − 𝑑  

𝜕

𝜕𝑥
 2

𝜕𝑢

𝜕𝑥
 +

𝜕

𝜕𝑦
 
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
   

−
1

𝜌𝑙
𝐶𝑏
′′  𝑈1 − 𝑉1 +

1

𝜌𝑙
𝐶𝑏
′′′ 𝑉2 = 0 

 

 
  
 

  
 

  (63) 

 

The momentum correction coefficients of the lower layer are given as follows: 

 

 𝛽𝑥𝑥 =
1

 𝑏 − 𝑑 𝑈2
 𝑢2𝑑𝑍
−𝑑

−𝑏

 (64) 

 

 𝛽𝑥𝑦 =
1

 𝑏 − 𝑑  𝑈𝑉
 𝑢𝑣𝑑𝑍
−𝑑

−𝑏

 (65) 

 

Substituting Eqs. (26), (27), (64) and (65) into Eq. (63), assuming that 𝜇 is constant for the 

depth in the 𝑥,𝑦 directions and that 𝛽𝑥𝑥  and 𝛽𝑥𝑦  are 1, respectively, the result is defined as 

follows: 

 

 

𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑥
+ 𝑉

𝜕𝑈

𝜕𝑦
+ 𝑔𝜀

 𝜕𝜁

𝜕𝑥
+ 𝑔 𝜀 − 1 

𝜕𝑑

𝜕𝑥
− 𝜈𝑒

𝑙
𝜕

𝜕𝑥
 2

𝜕𝑈

𝜕𝑥
 

−𝜈𝑒
𝑙
𝜕

𝜕𝑦
 
𝜕𝑉

𝜕𝑥
+
𝜕𝑈

𝜕𝑦
 −

𝐶′′𝑏
𝜌𝑙(𝑏 − 𝑑)

 𝑈1 − 𝑉1 +
𝐶𝑏
′′′

𝜌𝑙(𝑏 − 𝑑)
𝑉2 = 0

     (66) 

 

where, 𝜈𝑒
𝑙  =

𝜇

𝜌 𝑙
  is the eddy viscosity of the lower layer. 
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The stresses of the interface and the bottom are considered to be linear, these are expressed 

as follows: 

 

 𝛽𝑚 =
𝐶′′𝑏

𝜌𝑙(𝑏 − 𝑑)
=

𝑓𝑚
𝜌𝑙(𝑏 − 𝑑)

  𝑈1 − 𝑉1 
2 +  𝑈2 − 𝑉2 

2 (67) 

 

 𝛾𝑚 =
𝐶′′′𝑏

𝜌𝑙(𝑏 − 𝑑)
=

𝑓𝑏
𝜌𝑙(𝑏 − 𝑑)

 𝑉1
2 + 𝑉2

2 (68) 

 

where, 𝑓𝑏  is the friction coefficient of the bottom.  

From an analogous development, the 𝑦 component of the momentum equation can be 

yielded, and by using Einstein notation, the momentum equation of the lower layer is therefore 

obtained as follows: 

 

 
𝑉 + 𝑉𝑗𝑉𝑖,𝑗 + 𝜀𝑔𝜂,𝑖 −  1 − 𝜀 𝑔𝑑,𝑖 − 𝜈𝑒

𝑙 𝑉𝑖,𝑗 + 𝑉𝑗 ,𝑖 ,𝑗

+𝛽𝑚 𝑈𝑖 − 𝑉𝑖 + 𝛾𝑚𝑉𝑖 = 0
     (69) 

 

Therefore, the continuity equations (Eq. (18) and Eq. (29)) and the momentum equations 

(Eq. (52) and Eq. (69)) will be considered in the following finite element models. 
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2.4 Finite Element Equations 

 

2.4.1 Spatial Discretization 

 

Let 𝑉 be a flow domain. The continuity equations and the momentum equations are 

employed to the two layer current model in shallow water using Galerkin method for the 

discretization of the spatial unknown variables. 

For the continuity equations (Eq. (18) and Eq. (29)) and the momentum equations (Eq. (52) 

and Eq. (69)) are employed, multiplying both sides of basic equations by the weighting 

functions and integrating over the domain 𝑉, the finite element solution equations can be 

derived as follows: 

 

 𝑀𝛼𝛽  𝜂 𝛽 + 𝑑 𝛽 + 𝐵𝛼𝛽𝑖𝛾 𝑈𝛽𝑖  𝜂𝛾 + 𝑑𝛾 + 𝐶𝛼𝛽𝛾𝑖 𝑈𝛽𝑖  𝜂𝛾 + 𝑑𝛾 = 0 (70) 

 

 𝑀𝛼𝛽 𝑑 𝛽 + 𝐵𝛼𝛽𝑖𝛾 𝑉𝛽𝑖  𝑑𝛾 − 𝑏𝛾 + 𝐶𝛼𝛽𝛾𝑖 𝑉𝛽𝑖  𝑑𝛾 − 𝑏𝛾 = 0 (71) 

 

 
𝑀𝛼𝛽𝑈 𝛽𝑖 + 𝐾𝛼𝛽𝛾𝑗 𝑈𝛽𝑖𝑈𝛾𝑖 + 𝑔𝐻𝛼𝛽𝑖 𝜂𝛽

+𝜈𝑒
𝑢𝑅𝛼𝑗𝛽𝑗 𝑈𝛽𝑖 + 𝜈𝑒

𝑢𝑆𝛼𝑗𝛽𝑖 𝑈𝛽𝑗 + 𝑀𝛼𝛽𝛼𝑚 𝑈𝛽𝑖 − 𝑉𝛽𝑖  = 0
     (72) 

 

 
𝑀𝛼𝛽𝑉 𝛽𝑖 + 𝐾𝛼𝛽𝛾𝑗 𝑉𝛽𝑗 𝑉𝛾𝑖 + 𝜀𝑔𝐻𝛼𝛽𝑖 𝜂𝛽 −  1 − 𝜀 𝑔𝐻𝛼𝛽𝑖 𝑑𝛽 + 𝜈𝑒

𝑙𝑅𝛼𝑗𝛽𝑗 𝑉𝛽𝑖

+𝜈𝑒
𝑙𝑆𝛼𝑗𝛽𝑖 𝑉𝛽𝑗 −𝑀𝛼𝛽𝛽𝑚 𝑈𝛽𝑖 − 𝑉𝛽𝑖  + 𝑀𝛼𝛽 𝛾𝑚𝑉𝛽𝑖 = 0

     (73) 

 

where, coefficient matrices are expressed as follows: 

 

 

𝑀𝛼𝛽 =   Φ𝛼Φ𝛽 𝑑𝑉
𝑣

,  𝐾𝛼𝛽𝛾𝑗 =  (Φ𝛼Φ𝛽Φ𝛾 ,𝑗𝑑𝑉
𝑣

𝐻𝛼𝛽𝑖 =   Φ𝛼Φ𝛽 ,𝑖 𝑑𝑉
𝑣

, 𝑅𝛼𝑗𝛽𝑗 =   Φ𝛼 ,𝑗Φ𝛽 ,𝑗  𝑑𝑉
𝑣

𝑆𝛼𝑗𝛽𝑖 =   Φ𝛼 ,𝑗Φ𝛽 ,𝑖 𝑑𝑉
v

, 𝐵𝛼𝛽𝑖𝛾 =   Φ𝛼Φ𝛽 ,𝑖Φ𝛾 𝑑𝑉
𝑣

𝐶𝛼𝛽𝛾𝑖 =   Φ𝛼Φ𝛽Φ𝛾 ,𝑖 𝑑𝑉
𝑣

  

 
 
 
 
 

 
 
 
 

 

 

In the above equations, Φα  denotes linear triangular shape function. 



- 18 - 

 

2.4.2 Time Discretization 

 

The differential terms with regard to time are included in Eqs. (70), (71), (72) and (73), and 

these equations are discretized using the Lax-Wendroff scheme (Kawahara, 1976). 

 

The first step: 

 

 
𝑀 𝛼𝛽𝑈𝛽

𝑛+1/2
= 𝑀 𝛼𝛽𝑈𝛽

𝑛 −
𝛥𝑡

2
[𝐾𝛼𝛽𝛾 𝑈𝛽

𝑛𝑈𝛾
𝑛 + 𝑔𝐻𝛼𝛽𝑍𝛽

𝑛

+𝜈𝑒
𝑢𝑅𝛼𝛽𝑈𝛽

𝑛 + 𝜈𝑒
𝑢𝑆𝛼𝛽𝑈𝛽

𝑛 + 𝛼𝑚𝑀𝛼𝛽  𝑈𝛽
𝑛 − 𝑉𝛽

𝑛 ]
     (74) 

 

 

𝑀 𝛼𝛽  𝑍𝛽
𝑛+1/2

+ 𝐷𝛽
𝑛+1/2

 = 𝑀 𝛼𝛽   𝑍𝛽
𝑛 + 𝐷𝛽

𝑛 

−
𝛥𝑡

2
 𝐵𝛼𝛽𝛾 𝑈𝛽

𝑛 𝑍𝛾
𝑛 + 𝐷𝛾

𝑛 + 𝐶𝛼𝛽𝛾 𝑈𝛽
𝑛 𝑍𝛾

𝑛 + 𝐷𝛾
𝑛  

     (75) 

 

 

𝑀 𝛼𝛽𝑉𝛽
𝑛+1/2

= 𝑀 𝛼𝛽𝑉𝛽
𝑛 −

𝛥𝑡

2
[𝐾𝛼𝛽𝛾 𝑉𝛽

𝑛𝑉𝛾
𝑛

+𝐻𝛼𝛽  𝜀𝑔𝑍𝛽
𝑛 −  1 − 𝜀 𝑔𝐷𝛽

𝑛 + 𝜈𝑒
𝑙𝑅𝛼𝛽𝑉𝛽

𝑛

+𝜈𝑒
𝑙𝑆𝛼𝛽𝑉𝛽

𝑛 − 𝛽𝑚𝑀𝛼𝛽  𝑉𝛽
𝑛 − 𝑉𝛽

𝑛 + 𝛾𝑚𝑀𝛼𝛽𝑉𝛽
𝑛]

  

 
 
 

 
 

  (76) 

 

 𝑀 𝛼𝛽𝐷𝛽
𝑛+1/2

= 𝑀 𝛼𝛽  𝐷𝛽
𝑛 −

𝛥𝑡

2
 𝐵𝛼𝛽𝛾 𝑉𝛽

𝑛 𝐷𝛽
𝑛 − 𝐵𝛽

𝑛 + 𝐶𝛼𝛽𝛾 𝑉𝛽
𝑛 𝐷𝛾

𝑛 −𝐵𝛽
𝑛   (77) 

 

The second step: 

 

 
𝑀 𝛼𝛽𝑈𝛽

𝑛+1 = 𝑀 𝛼𝛽𝑈𝛽
𝑛 − Δ𝑡[𝐾𝛼𝛽𝛾 𝑈𝛽

𝑛+1/2
𝑈𝛾
𝑛+1/2

+ 𝑔𝐻𝛼𝛽𝑍𝛽
𝑛+1/2

+𝜈𝑒
𝑢𝑅𝛼𝛽𝑈𝛽

𝑛+1/2
+ 𝜈𝑒

𝑢𝑆𝛼𝛽𝑈𝛽
𝑛+1/2

+ 𝛼𝑚𝑀𝛼𝛽  𝑈𝛽
𝑛+1/2

− 𝑉𝛽
𝑛+1/2

 ]
     (78) 

 

 
𝑀 𝛼𝛽  𝑍𝛽

𝑛+1 + 𝐷𝛽
𝑛+1 = 𝑀 𝛼𝛽   𝑍𝛽

𝑛 + 𝐷𝛽
𝑛 

−Δ𝑡  𝐵𝛼𝛽𝛾 𝑈𝛽
𝑛+1/2

 𝑍𝛾
𝑛+1/2

+ 𝐷𝛾
𝑛+1/2

 + 𝐶𝛼𝛽𝛾𝑈𝛽
𝑛+1/2

 𝑍𝛾
𝑛+1/2

+ 𝐷𝛾
𝑛+1/2

  
     (79) 

 

 

𝑀 𝛼𝛽𝑉𝛽
𝑛+1 = 𝑀 𝛼𝛽𝑉𝛽

𝑛 − Δ𝑡[𝐾𝛼𝛽𝛾 𝑉𝛽
𝑛+1/2

𝑉𝛾
𝑛+1/2

+𝐻𝛼𝛽  𝜀𝑔𝑍𝛽
𝑛+1/2

−  1 − 𝜀 𝑔𝐷𝛽
𝑛+1/2

 + 𝜈𝑒
𝑙𝑅𝛼𝛽𝑉𝛽

𝑛+1/2

+𝜈𝑒
𝑙𝑆𝛼𝛽𝑉𝛽

𝑛+1/2
− 𝛽𝑚𝑀𝛼𝛽  𝑉𝛽

𝑛+1/2
− 𝑉𝛽

𝑛+1/2
 + 𝛾𝑚𝑀𝛼𝛽𝑉𝛽

𝑛+1/2
]

  

 
 
 

 
 

  (80) 
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𝑀 𝛼𝛽𝐷𝛽

𝑛+1 = 𝑀 𝛼𝛽  𝐷𝛽
𝑛 − Δ𝑡[𝐵𝛼𝛽𝛾 𝑉𝛽

𝑛+1/2
 𝐷𝛽

𝑛+1/2
− 𝐵𝛽

𝑛+1/2
 

+𝐶𝛼𝛽𝛾 𝑉𝛽
𝑛+1/2

 𝐷𝛾
𝑛+1/2

− 𝐵𝛽
𝑛+1/2

 ]
     (81) 

 

In the above equations 𝑀  means lumped coefficient matrix. And 𝑀  is the mixed 

coefficient which is calculated as: 

 

 𝑀 = 𝑒𝑀 +  1 − 𝑒 𝑀 (82) 

 

where, 𝑒 is lumping parameter. 

From the equations as described above, the unknown variables can be solved 

simultaneously. 
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CHAPTER 3 

MOVING BOUNDARY 

 

 

From the finite element equations, the interface level 𝑑 between the upper and lower layer 

can be calculated on each nodal point. If the interface level is higher than the depth of the sea 

bed on the domain at all time, the moving boundary of the lower layer is not necessary, but the 

case that the interface level is set to be under the minimum depth of the sea bed, the analytical 

area of the lower layer is changeable by the interface level getting higher or lower. In this 

chapter, for the changeable area of the lower layer, the moving boundary method is applied to 

this model, so that the analytical area is defined two kind of area as the single layer area and the 

two layer area. 

 

 

3.1 Judgment of Elements 

 

The analytical area of the lower layer is decided by the presence of interface level on each 

nodal point. If the calculated interface level 𝑑 is higher than the depth of the sea bed at one 

nodal point, it is assumed that the water level of lower layer exists at that point (wet nodal 

point). Otherwise, it is assumed that the water level of lower layer doesn’t exist (dry nodal 

point). Then, if every three nodal points of one element are wet nodal point, the element is 

included in the two layer area. If one nodal point at least is dry element, the element is 

included in the single area. Also, the waterside element is defined as that the element which 

has both wet and dry nodal point. For example, as shown in Fig. 3, elements from 1 to 24 are 

included in the two layer area, and elements from 25 to 36 are included in the single layer area. 
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Fig. 3 Judgment of element 

 

 

 

3.2 Treatment of the Analytical Area 

 

The elements of the two layer area, which has the lower layer, are calculated by two layer 

current model, and the others including waterside elements are calculated by shallow water 

model. Then, the calculated interface level is compared with the depth of the sea bed each time, 

and the analytical area is redefined as the single area and the two layer area. The boundary of 

the lower layer is defined newly when the lower area is changed, and the normal velocity of 

the lower layer is set to be 0. 

 

 

 

3.3 Algorithm of Wetting and Drying 

 

The algorithm of the analysis considering moving boundary is shown as follows: 

1. Check the interface level 𝑑𝑛  on the nodal points of the two layer area. 
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2. In the waterside element, if the averaged interface level of three nodal points is higher 

than the depth of the sea bed on the dry nodal point, which is defined wet nodal point. 

(The interface level of the dry nodal point is set to be its depth of the sea bed when the 

averaged interface level is calculated) 

3. If three nodal points of one element are wet nodal point (𝑑 < 𝑏), include the element in 

the two layer area. 

If any nodal point of one element is dry nodal point (𝑑𝑖 ≥ 𝑏𝑖), include the element in the 

single layer area. 

4. Do the step 2 for all elements. 

5. Compute 𝑈𝑛+1,𝑉𝑛+1 ,𝜂𝑛+1 ,𝑑𝑛+1 by finite element equations.. 

6. Define the boundary nodal points of the lower layer, and apply the boundary condition. 

7. Set 𝑛 = 𝑛 + 1, and go to 1. 
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CHAPTER 4 

VERIFICATIONS OF THE NUMERICAL MODEL 

 

 

In this chapter, to verify two layer current model, the numerical model by two layer current of 

Jumunjin fishery port where SEB has been established is carried out, and the computed results 

are compared with the observed data. 

 

 

4.1 Application of Jumunjin Fishery Port 

 

For the application of two layer current model, the numerical model of Jumunjin fishery 

port is carried out. For the study area, a 3D bottom bathymetry is shown in Fig. 4. Due to the 

shallow water depth in the flow domain, the interface level is assumed 3m under the mean 

sea level at the initial time. Thus, the upper layer and lower layer are defined by the interface 

level, respectively. 

 

 

Fig. 4 3D bottom bathymetry in Jumunjin fishery port 
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With the boundary conditions, it is assumed that the normal velocity to the coastline is zero, 

and the elevations of incident waves are assumed on the entrance of the port to be given by 

 

 𝜂 =   𝛼𝑚
𝑢 𝑠𝑖𝑛  

2𝜋

𝑇𝑚
 𝑡 − 𝜅m + 𝛼𝑚

𝑙 𝑠𝑖𝑛  
2𝜋

𝑇𝑚
 𝑡 − 𝜅m  

𝑁𝑐

𝑚=1

 𝑜𝑛 Γ 𝑜
𝑢  (83) 

 

 𝑑 = 𝑑𝑡 −   𝛼𝑚
𝑙 𝑠𝑖𝑛  

2𝜋

𝑇𝑚
 𝑡 − 𝜅m       𝑜𝑛 Γ𝑜

𝑙

𝑁𝑐

𝑚=1

 (84) 

 

where 𝑁𝑐  is the incident waves number, 𝑎𝑚  is the amplitude, 𝜅𝑚  is the phase delay, 𝑇𝑚  is 

the period of 𝑀2 ,   𝑆2 , 𝐾1 and 𝑄1 constituent, 𝑡 is the time increment in computation and 

𝑑𝑡  is the depth from the mean sea level to the interface level at 𝑡, respectively. The harmonic 

analysis of 𝑀2, 𝑆2, 𝐾1 and 𝑄1 in Jumunjin fishery port is shown in Table 1. 

 

Table 1. The results of the harmonic analysis for tide 

in Jumunjin fishery port (MOMAF, 1999) 

𝑁𝑐  Constituent 
Amplitude 

𝛼𝑚  (𝑐𝑚) 

Period 

𝑇𝑚  (𝑜𝑢𝑟) 

Phase delay 

𝜅𝑚  (𝑑𝑒𝑔𝑟𝑒𝑒) 

1 𝑀2 6.94 12.4206 91.486 

2 𝑆2 1.79 12.0000 120.689 

3 𝐾1 4.35 23.9344 1.367 

4 𝑂1 4.70 25.8193 320.935 

 

The computational mesh of the upper layer and lower layer are consisted of 5230 triangular 

elements with 2784 nodal points, and 3029 triangular elements with 1653 nodal points, 

respectively, as shown in Fig. 5. 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 5 Finite element idealization of Jumunjin fishery port 

 

  



- 26 - 

 

Fig. 6 and Fig. 7 show the velocity of flow vectors at the flood tide and the ebb tide. It 

shows that the tidal flow pattern is simulated well in both layers, and that the moving 

boundary can be applied in this model. Due to the weak tidal current in East Sea where 

Jumunjin fishery port is located, the velocities of the flow field are smaller than 1 𝑐𝑚/𝑠 

overall, these results are in good agreement with the computed results by MOMAF(1999). The 

velocity near the entrance of the port is little strong, relatively, but the others are weak. 

Therefore, the deteriorated water quality of Jumunjin fishery port may be caused by the weak 

tidal current. 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 6 Velocity vectors of Jumunjin fishery port at flood tide 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 7 Velocity vectors of Jumunjin fishery port at ebb tide 
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4.2 Verification of Jumunjin Fishery Port with SEB 

 

As the next verification model, when the seawater from the outside area flows in the port by 

the SEB, the numerical model by two layer current is carried out. The calculation conditions 

and the boundary conditions are the same as the above verification model. Inflow condition of 

seawater from SEB is given by 77.38𝑐𝑚3/𝑠 flux, which was observed by Sea Tech R&D 

(2008). In this study, as the SEB uses the waves overflowed a wall of arch, it is assumed that 

the water of the upper layer is exchanged the seawater while the sea level is higher than mean 

sea level, and the flux of the inflow is set to be maximum value at the high tide. 

Fig. 8 shows the velocity of flow vectors by the SEB at the high tide. For the weak tidal 

current, the inflow from the SEB is flowed toward the entrance of the port. Except portion of 

inside area, this figure shows good water exchanging of Jumunjin fishery port.  

To verify two layer current model of this case, the computed results are compared with the 

observed data by Sea Tech R&D (2008) at the nodal points in Fig. 9. For the depth of the 

seabed at the nodal points of SC-1 and SC-2 is shallower than the interface level, these 

velocities of the lower layer cannot be calculated in this case. The comparisons of these 

velocities are shown in Table 2, it shows that the results of two layer current are in good 

agreement with the observed data. 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 8 Velocity vectors of Jumunjin fishery port with SEB 
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Fig. 9 Observed nodal points 

 

 

 

 

Table 2. Comparison of velocity with computed results and observed data 

 

Node 
Observed Data 

(Averaged) (cm/s) 

Present Method 

(cm/s) 

 Upper Lower Upper Lower 

SC-1 3.32 3.20 3.36 - 

SC-2 1.76 1.70 1.49 - 

SC-3 10.87 9.90 9.49 8.10 

SC-4 12.46 10.39 12.94 10.83 
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CHAPTER 5 

APPLICATIONS OF THE NUMERICAL MODEL 

WITH MANIFOLD CHANNEL 

 

 

In this chapter, for the practical use of Manifold channel, a virtual manifold channels are 

assumed in Jumunjin fishery port, and the numerical model by two layer current is carried out. 

Also, to examine the effect of gate condition in Manifold channel, five cases of manifold 

channels are assumed and the numerical model is simulated. 

 

5.1 Application of Jumunjin Fishery Port with Manifold Channel 

 

5.1.1 Numerical Analysis Conditions 

 

Fig.10 shows the finite mesh idealization of Jumunjin fishery port with manifold channels. 

The computational mesh of the upper layer and lower layer are consisted of 2901 triangular 

elements with 1740 nodal points, and 1661 triangular elements with 950 nodal points, 

respectively. As shown in this figure, in this case, it is assumed that three of the gates are 

located inside of the port where the seawater is not exchanged by the SEB well. The manifold 

channels are assumed length of 762.1m, width of 5.3m and depth of 2.0m., and in order of the 

counter clockwise, the gates are named as Gate 1, Gate 2 and Gate 3. The calculation 

conditions and the inflow condition are also the same as the SEB case. 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 10 Finite element idealization of Jumunjin fishery port with Manifold channel 
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5.1.2 Results of Numerical Model 

 

Fig. 11 shows the velocity vectors of Jumunjin fishery port with manifold channels. It 

shows that the vortex of counter clockwise is weakly formed on the inside area. Due to the 

vortex and the various losses by the manifold channels, the velocity of the flow field is a little 

weaker than the SEB. 

To examine the velocity of flow on the inside area definitely, at the nodal points as shown 

in Fig. 10, the comparisons of velocity with Manifold channel and the SEB are shown in Fig. 

12. As the vortex of counter clockwise is occurred near the point A and the velocity on that 

area is not affected by the current of inflow from the SEB directly, it shows that the velocity at 

the nodal point A is weaker than the SEB. But the velocities at the nodal points B and C are 

stronger than SEB, it shows that Manifold channel has an advantage over the SEB for the 

water exchange of the inside area generally. Also, the vector diagrams at the nodal points are 

shown in Fig. 13, respectively. Though the velocity of the flow field is little weaker than the 

SEB, the flow pattern of the inside area is shifted by the inflow of the manifold channels, it 

shows that Manifold channel can be exchanged the water from the seawater of outside area 

throughout the inside area. 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 11 Velocity vectors of Jumunjin fishery port with Manifold channel 
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Fig. 12 Comparisons of velocity with Manifold channel and SEB  

at the nodal points A, B and C 

 

 

 

 

 

 

 (a) nodal point at A 
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(b) nodal point at B 

 

 

(c) nodal point at C 

 

Fig. 13 Vector diagrams at nodal point A, B and C 
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5.2 Examination for Effects of Manifold Channel 

 

5.2.1 Numerical Analysis Conditions by Outflow Gates 

 

It is assumed that the five gates are located inside of the port as shown in Fig. 13, and the 

manifold channel is assumed length of 762.1m, width of 5.3m and depth of 2.0m. The 

calculation conditions by outflow gates of the manifold channels are given in Table 3. 

 

 

Fig. 14 Gate position of Manifold channel 

 

 

 

Table 3. Calculation conditions by outflow gates of Manifold channel 

Case Gate1 Gate2 Gate3 Gate4 Gate5 

Case 1 - - On - On 

Case 2 - On On On On 

Case 3 - On - On On 

Case 4 On On - On On 

Case 5 On - - On On 
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5.2.2 Results of Numerical Model 

 

Fig. 14 shows the velocity vectors of Case 1. One of gates is located middle of inside area 

in order that the seawater is flowed toward the entrance of the port, but the vortex of counter 

clockwise is strongly formed, so that this case is not good for the water exchange. 

Fig. 15 shows the velocity vectors of Case 2. The Gate 2 and Gate 4 are added on the Case 

1 to control the vortex, but the vortex is still formed at the inside area. 

Fig. 16 shows the velocity vectors of Case 3. Except the Gate 3, it shows that the vortex is 

weaker than before, but the velocity of inside area near the Gate 1 is also weak.  

Fig. 17 shows the velocity vectors of Case 4. Gate 1 is added on the Case 3 to increase the 

velocity of inside area near the Gate 1. As the velocity of that area increases, the vortex is 

eliminated, but the velocity of inside area near the Gate 4 is weaker than before.  

Fig. 18 shows the velocity vectors of Case 5. By using the Gate 1, Gate 4 and Gate 5, most 

of the velocity at the inside area can be increased, and the inflow of the seawater by the 

manifold channels flows toward the entrance of the port. Therefore, Case 5 is good for the 

water exchange of manifold channel among these cases. 
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Fig. 15 Velocity vectors of upper layer in Case-1  

 

 

 

 

Fig. 16 Velocity vectors of upper layer in Case-2 
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Fig. 17 Velocity vectors of upper layer in Case-3 

 

 

 

 

Fig. 18 Velocity vectors of upper layer in Case-4 
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< Upper layer > 

 

 

< Lower layer > 

 

Fig. 19 Velocity vectors of upper and lower layer in Case-5 
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CHAPTER 6 

CONCLUSIONS 

AND FUTURE RESEARCH DIRECTIONS 

 

 

6.1 Conclusions 

 

In this study, Manifold channel, the new concept of the seawater exchange breakwater, is 

presented, and the numerical model by two layer current is applied. The main results of present 

study are listed below: 

 

(1) By using the moving boundary method, the numerical model by two layer current for tidal 

current is carried out. It shows that the moving boundary of the lower layer can be applied in 

this model. The velocity of the port by the tidal current is weak, so that the water quality of 

inside area cannot be improved by the tidal current. 

 

(2) To verify two layer current model, the computed result of the SEB is compared with 

observed data. It shows a good agreement between the results and the observed data. Thus, the 

numerical analysis by two layer current is verified. 

 

(3) From the results of the chapter 5, it shows that the water of the inside area can be 

exchanged the seawater from outside area by the present method, and Manifold channel is to be 

a useful method for improving the water quality. However the velocity of the port is a little 

weaker than the SEB, there is a more need to investigate the manifold channels for the practical 

use. 

 

(4) The effect of the gate conditions in Manifold channel is investigated by using this 

numerical model. From these results, the efficiency for the water exchange is greatly affected by 

the gate conditions. 
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(5) Due to the aspect of Jumunjin fishery port, the velocity of the inside area is correlated 

with the occurred vortex of the inside area. Thus, the relation caused by aspect of the port is 

obtained: as the vortex is formed, the velocity of the inside area near the Gate 4 is increased, 

while the velocity of the area near the Gate 1 is decreased. 

 

As these results in this study, Manifold channel might be used broadly for the design of a 

breakwater to develop the facilities of port with waterfront area and water amenity. 

 

 

 

6.2 Future Research Directions 

 

For practical use of this method, there is a more need to investigate the manifold channels, 

and then the remaining works are listed as follows: 

 

(1) For the application of the manifold channels, the losses of the manifold channels should 

be calculated, and the effective aspect conditions of the channel, such as length, width, depth 

and curve, should be defined. Then, the velocity by the inflow current should be increased. 

 

(2) Much more in calculating cases about the gate positions are remained to be done. From 

these results, the standard equations about the gate position should be derived. 

 

(3) To improve the propriety of the numerical analysis and to examine the water exchanging 

of the whole layers on port, multi-layer current model should be developed. 

 

(4) The submerged gate should be considered, and also the effect of width and direction of 

the gate should be investigated. 
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