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< Abstract>

Normal fuzzy probability and Exponential fuzzy

probability for various fuzzy numbers

Using quadratic curve and trigonometric curve, we define quadratic

fuzzy number and trigonometric fuzzy number, then calculate some op-

erations(addition, subtraction, multiplication, division) of two quadratic

fuzzy numbers and two trigonometric fuzzy numbers, respectively. The

results of addition and subtraction of two quadratic fuzzy numbers and

two trigonometric fuzzy numbers become a quadratic fuzzy number and a

trigonometric fuzzy numbers possibility, but the results of multiplication

and division may not be a quadratic fuzzy number and a trigonometric

fuzzy number, respectively. But the results of multiplication and division

of two trigonometric fuzzy numbers are expressed by trigonometric func-

tion. And we calculate the operations of two fuzzy numbers through an

actual examples.

We define the normal fuzzy probability and the exponential fuzzy prob-

ability using normal distribution and exponential distribution, and then

calculate the normal fuzzy probability and the exponential fuzzy proba-

bility of quadratic fuzzy number and trigonometric fuzzy number. Also,

we calculate the normal fuzzy probability and the exponential fuzzy prob-

ability for the result of operations of two fuzzy numbers and calculate

concretely through an actual examples.
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1. Introduction

The operations of two fuzzy numbers (A,µA) and (B, µB) are based

on the Zadeh’s extension principle([18], [19], [20]). We consider four op-

erations, addition A(+)B, subtraction A(−)B, multiplication A(·)B and

division A(/)B described in section 2.

Let (Ω, F, P ) be a probability space, where Ω denotes the sample space,

F the σ−algebra on Ω, and P a probability measure. A fuzzy set A on

Ω is called a fuzzy event. Let µA(·) be the membership function of the

fuzzy event A. Then the probability of the fuzzy event A is defined by

Zadeh([17]) as

P̃ (A) =
∫

Ω

µA(ω) dP (ω), µA(ω) : Ω → [0, 1].

In section 3, using quadratic curve and trigonometric curves, we define

quadratic fuzzy number and trigonometric fuzzy number. And we cal-

culate some operations of two quadratic fuzzy numbers and two trigono-

metric fuzzy numbers. The results of multiplication and division of two

quadratic fuzzy numbers and two trigonometric fuzzy numbers may not to

be a quadratic fuzzy number and a trigonometric fuzzy number, respec-

tively. But the results of multiplication and division of two trigonometric

fuzzy numbers are expressed by trigonometric function.

In section 4, we define the normal fuzzy probability and exponential

fuzzy probability using the normal distribution and exponential distribu-

tion, and we derive the explicit formula for the normal fuzzy probability

and exponential fuzzy probability for triangular fuzzy number and fuzzy

numbers driven by operations and give some examples.
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In section 5, we derive the explicit formula for the normal fuzzy prob-

ability and exponential fuzzy probability for quadratic fuzzy number and

trigonometric fuzzy number. Also, we calculate the normal fuzzy proba-

bility and exponential fuzzy probability of fuzzy numbers driven by oper-

ations.
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2. Preliminaries

2.1 Fuzzy number

Let X be a set. A classical subset A of X is often viewed as a char-

acteristic function µA from X to {0, 1} such that µA(x) = 1 if x ∈ A,

and µA(x) = 0 if x /∈ A. {0, 1} is called a valuation set. The following

definition is a generalization of this notion.

Definition 2.1. A fuzzy set A on X is a function from X to the interval

[0, 1]. The function is called the membership function of A.

Let A be a fuzzy set on X with a membership function µA. Then A is

a subset of X that has no sharp boundary. A is completely characterized

by the set of pairs

A = {(x, µA(x)), x ∈ X}.

Elements with a zero degree of membership are normally not listed.

When X is a finite set {x1, · · · , xn}, a fuzzy set A on X is expressed as

A = µA(x1)/x1 + · · ·+ µA(xn)/xn =
n∑

i=1

µA(xi)/xi.

When X is not finite, we write

A =
∫

X

µA(x)/x.

Two fuzzy sets A and B are said to be equal, denoted by A = B, if and

only if µA(x) = µB(x), for all x ∈ X.
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Example 2.2. Let X = {1, 2, 3, 4}. Then the function µA : X → [0, 1]

defined by

µA(1) = 0, µA(2) = 1, µA(3) = 0.5, µA(4) = 0,

can be considered as a membership function for A = {two or so}. Thus

A = 0/1 + 1/2 + 0.5/3 + 0/4.

Example 2.3. Let X = R and µA(x) =
1

1 + (x− 5)2
, i.e.,

A =
∫

R

1
1 + (x− 5)2

/x.

Then A is a fuzzy set of real numbers clustered around 5.

Definition 2.4. Let A and B are fuzzy sets. Operations of two fuzzy sets

A and B are defined as

1. Union A ∪B :

µA∪B(x) = max{µA(x), µB(x)}, ∀x ∈ X.

2. Intersection A ∩B :

µA∩B(x) = min{µA(x), µB(x)}, ∀x ∈ X.

3. Complement Ac :

µAc(x) = 1− µA(x), ∀x ∈ X.

4. Probabilistic sum A+̂B :

µ
A+̂B

(x) = µA(x) + µB(x)− µA(x) · µB(x).

5. Probabilistic product A ·B :

4



µA·B(x) = µA(x) · µB(x).

Example 2.5. Let X = {1, 2, 3, 4, · · ·, 10}, A = {(1, 0.5), (2, 0.9), (3, 1),

(4, 0.9), (5, 0.5)}, and B = {(2, 0.4), (3, 0.8), (4, 1), (5, 1), (6, 0.8)}. Then

A ∪B = {(1, 0.5), (2, 0.9), (3, 1), (4, 1), (5, 1), (6, 0.8)}.
A ∩B = {(2, 0.4), (3, 0.8), (4, 0.9), (5, 0.5)}.
Ac = {(1, 0.5), (2, 0.1), (4, 0.1), (5, 0.5), (6, 1), (7, 1), (8, 1),

(9, 1), (10, 1)}.
A+̂B = {(1, 0.5), (2, 0.94), (3, 1), (4, 1), (5, 1), (6, 0.8)}.
A ·B = {(2, 0.36), (3, 0.8), (4, 0.9), (5, 0.5)}.

Theorem 2.6. Let A, B and C be fuzzy sets on X. Then the followings

hold.

1. Commutative law : A ∪B = B ∪A, A ∩B = B ∩A.

2. Associative law :

A ∪ (B ∪ C) = (A ∪B) ∪ C = A ∪B ∪ C,

A ∩ (B ∩ C) = (A ∩B) ∩ C = A ∩B ∩ C.

3. Distributive law :

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C),

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C).

4. Involution : (Ac)c = A.

5. Idempotency : A ∪A = A, A ∩A = A.

6. Absorption : A ∪ (A ∩B) = A, A ∩ (A ∪B) = A.

7. Identity : A ∪ φ = A, A ∩ φ = φ.

8. Absorption by φ and X : A ∩ φ = φ, A ∪X = X.

5



9. De Morgan’s law :

(A ∪B)c = Ac ∩Bc, (A ∩B)c = Ac ∪Bc.

10. Excluded-middle law and Contradiction law are not satisfied :

A ∪Ac 6= X, A ∩Ac 6= φ.

Definition 2.7. The set Aα = {x ∈ X | µA(x) ≥ α} is said to be the

α-cut of a fuzzy set A.

The membership function of a fuzzy set A can be expressed in terms of

the characteristic functions of its α-cuts according to the formula

µA(x) = sup
α∈(0,1]

min(α, µAα(x)),

where

µAα(x) =
{

1, x ∈ Aα,

0, otherwise.

It is easily checked that the following properties hold

(A ∪B)α = Aα ∪Bα, (A ∩B)α = Aα ∩Bα.

Definition 2.8. A fuzzy set A on R is convex if

µA(λx1 + (1− λ)x2) ≥ min(µA(x1), µA(x2)), ∀x1, x2 ∈ R, ∀λ ∈ [0, 1].

Definition 2.9. A convex fuzzy set A on R is called a fuzzy number if

1. There exists exactly one x0 ∈ R such that µA(x0) = 1.

2. µA(x) is piecewise continuous.
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Definition 2.10. A triangular fuzzy number is a fuzzy number A having

membership function

µA(x) =





0, x < a1, a3 ≤ x,
x−a1
a2−a1

, a1 ≤ x < a2,

a3−x
a3−a2

, a2 ≤ x < a3.

The above triangular fuzzy number is denoted by A = (a1, a2, a3).

Definition 2.11. A fuzzy set A having membership function

µA(x) =





0, x < a1, a4 ≤ x,
x−a1
a2−a1

, a1 ≤ x < a2,

1, a2 ≤ x < a3,
a4−x
a4−a3

, a3 ≤ x < a4.

is called a trapezoidal fuzzy set.

The above trapezoidal fuzzy set is denoted by A = (a1, a2, a3, a4).

2.2 Operations of two fuzzy numbers

Definition 2.12. The addition, subtraction, multiplication, and division

of two fuzzy numbers are defined as

1. Addition A(+)B :

µA(+)B(z) = sup
z=x+y

min{µA(x), µB(y)}, x, y ∈ R.

2. Subtraction A(−)B :

µA(−)B(z) = sup
z=x−y

min{µA(x), µB(y)}, x, y ∈ R.

3. Multiplication A(·)B :
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µA(·)B(z) = sup
z=x·y

min{µA(x), µB(y)}, x, y ∈ R.

4. Division A(/)B :

µA(/)B(z) = sup
z=x/y

min{µA(x), µB(y)}, x, y ∈ R.

Example 2.13. Let A = {(2, 1), (3, 0.5)} and B = {(3, 1), (4, 0.5)}.
1. Addition :

(i) If z < 5, since x + y ≥ 5 for all x ∈ A, y ∈ B,µA(+)B(z) = 0.

(ii) If z = 5, since µA(2)∧ µB(3) = 1∧ 1 = 1, µA(+)B(5) = sup
2+3

{1} = 1.

(iii) If z = 6, since µA(3) ∧ µB(3) = 0.5 ∧ 1 = 0.5 and µA(2) ∧ µB(4) =

1 ∧ 0.5 = 0.5, we have µA(+)B(6) = sup
3+3,2+4

{0.5, 0.5} = 0.5.

(iv) If z = 7, since µA(3) ∧ µB(4) = 0.5 ∧ 0.5 = 0.5, we have µA(+)B(7)

= sup
3+4

{0.5} = 0.5.

(v) If z > 7, since x + y ≤ 7 for all x ∈ A, y ∈ B, µA(+)B(z) = 0.

Thus we have A(+)B = {(5, 1), (6, 0.5), (7, 0.5)}.
By the same way, we have

2. Subtraction : A(−)B = {(−2, 0.5), (−1, 1), (0, 0.5)}.
3. Multiplication : A(·)B = {(6, 1), (8, 0.5), (9, 0.5), (12, 0.5)}.
4. Division : A(/)B = {( 1

2 , 0.5), ( 2
3 , 1), ( 3

4 , 0.5), (1, 0.5)}.

Theorem 2.14. ([5],[15]) For two triangular fuzzy numbers

A = (a1, a2, a3) and B = (b1, b2, b3), we have

1. A(+)B = (a1 + b1, a2 + b2, a3 + b3).

2. A(−)B = (a1 − b3, a2 − b2, a3 − b1).

3. A(·)B and A(/)B need not to be triangular fuzzy numbers.
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Example 2.15. Let A = (1, 2, 4) and B = (2, 4, 5) be triangular fuzzy

numbers, i.e.,

µA(x) =





0, x < 1, 4 ≤ x,

x− 1, 1 ≤ x < 2,

− 1
2x + 2, 2 ≤ x < 4,

and

µB(x) =





0, x < 2, 5 ≤ x,
1
2x− 1, 2 ≤ x < 4,

− x + 5, 4 ≤ x < 5,

we calculate exactly the above four operations using α− cuts.

Let Aα and Bα be the α-cuts of A and B, respectively. Let Aα =

[a(α)
1 , a

(α)
2 ] and Bα = [b(α)

1 , b
(α)
2 ]. Since α = a

(α)
1 − 1 and α = −a

(α)
2
2 + 2,

we have Aα = [a(α)
1 , a

(α)
2 ] = [α + 1,−2α + 4]. Since α = b

(α)
1
2 − 1 and

α = −b
(α)
2 + 5, Bα = [b(α)

1 , b
(α)
2 ] = [2α + 2,−α + 5].

1. Addition :

By the above facts, Aα(+)Bα = [a(α)
1 +b

(α)
1 , a

(α)
2 +b

(α)
2 ] = [3α+3,−3α+

9]. Thus µA(+)B(x) = 0 on the interval [3, 9]c and µA(+)B(x) = 1 at x = 6.

By the routine calculation, we have

µA(+)B(x) =





0, x < 3, 9 ≤ x,
1
3x− 1, 3 ≤ x < 6,

− 1
3x + 3, 6 ≤ x < 9,

i.e., A(+)B = (3, 6, 9).

2. Subtraction :

Since Aα(−)Bα = [a(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [2α− 4,−4α + 2], we have

µA(−)B(x) = 0 on the interval [−4, 2]c and µA(−)B(x) = 1 at x = −2. By

the routine calculation, we have

9



µA(−)B(x) =





0, x < −4, 2 ≤ x,
1
2x + 2, −4 ≤ x < −2,

− 1
4x + 1

2 , −2 ≤ x < 2,

i.e., A(−)B = (−4,−2, 2).

3. Multiplication :

Since Aα(·)Bα = [a(α)
1 · b(α)

1 , a
(α)
2 · b(α)

2 ] = [2α2 +4α+2, 2α2−14α+20],

µA(·)B(x) = 0 on the interval [2, 20]c and µA(·)B(x) = 1 at x = 8. By the

routine calculation, we have

µA(·)B(x) =





0, x < 2, 20 ≤ x,
−2+

√
2x

2 , 2 ≤ x < 8,

7−√9+2x
2 , 8 ≤ x < 20.

Thus A(·)B is not a triangular fuzzy number.

4. Division :

Since Aα(/)Bα = [a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

] = [ α+1
−α+5 , −α+2

α+1 ], µA(/)B(x) = 0 on the

interval [ 15 , 2]c and µA(/)B(x) = 1 at x = 1
2 . By the routine calculation,

we have

µA(/)B(x) =





0, x < 1
5 , 2 ≤ x,

5x−1
x+1 , 1

5 ≤ x < 1
2 ,

−x+2
x+1 , 1

2 ≤ x < 2.

Thus A(/)B is not a triangular fuzzy number.

Theorem 2.16. ([5],[15]) For two trapezoidal fuzzy sets

A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4), we have

1. A(+)B = (a1 + b1, a2 + b2, a3 + b3, a4 + b4).

2. A(−)B = (a1 − b4, a2 − b3, a3 − b2, a4 − b1).

3. A(·)B and A(/)B need not to be trapezoidal fuzzy sets.
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Example 2.17. Let A = (1, 5, 6, 9) and B = (2, 3, 5, 8) be trapezoidal

fuzzy sets, i.e.,

µA(x) =





0, x < 1, 9 ≤ x,
x−1

4 , 1 ≤ x < 5,

1, 5 ≤ x < 6,
−x+9

3 , 6 ≤ x < 9,

and

µB(x) =





0, x < 2, 8 ≤ x,

x− 2, 2 ≤ x < 3,

1, 3 ≤ x < 5,
−x+8

3 , 5 ≤ x < 8,

we calculate exactly the above four operations using α− cuts.

Let Aα and Bα be the α-cuts of A and B, respectively. Put Aα =

[a(α)
1 , a

(α)
2 ] and Bα = [b(α)

1 , b
(α)
2 ]. Since α = a

(α)
1 −1

4 and α = −a
(α)
2 +9

3 , we

have Aα = [a(α)
1 , a

(α)
2 ] = [4α + 1,−3α + 9]. Similarly, Bα = [b(α)

1 , b
(α)
2 ] =

[α + 2,−3α + 8].

1. Addition :

By the above facts, Aα(+)Bα = [a(α)
1 +b

(α)
1 , a

(α)
2 +b

(α)
2 ] = [5α+3,−6α+

17]. Thus µA(+)B(x) = 0 on the interval [3, 17]c and µA(+)B(x) = 1 on

the interval [8, 11]. By the routine calculation, we have

µA(+)B(x) =





0, x < 3, 17 ≤ x,
x−3

5 , 3 ≤ x < 8,

1, 8 ≤ x < 11,
−x+17

6 , 11 ≤ x < 17,

i.e., A(+)B = (3, 8, 11, 17).

2. Subtraction :

11



Since Aα(−)Bα = [a(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [7α− 7,−4α + 7], we have

µA(−)B(x) = 0 on the interval [−7, 7]c and µA(−)B(x) = 1 on the interval

[0, 3]. By the routine calculation, we have

µA(−)B(x) =





0, x < −7, 7 ≤ x,
x+7
7 , −7 ≤ x < 0,

1, 0 ≤ x < 3,
−x+7

4 , 3 ≤ x < 7,

i.e., A(−)B = (−7, 0, 3, 7).

3. Multiplication :

Since Aα(·)Bα = [a(α)
1 · b(α)

1 , a
(α)
2 · b(α)

2 ] = [4α2 +9α+2, 9α2−51α+72],

µA(·)B(x) = 0 on the interval [2, 72]c and µA(·)B(x) = 1 on the interval

[15, 30]. By the routine calculation, we have

µA(·)B(x) =





0, x < 2, 72 ≤ x,
−9+

√
49+16x
8 , 2 ≤ x < 15,

1, 15 ≤ x < 30,
17−√1+4x

6 , 30 ≤ x < 72.

Thus A(·)B is not a trapezoidal fuzzy set.

4. Division :

Since Aα(/)Bα = [a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

] = [ 4α+1
−3α+8 , −3α+9

α+2 ], µA(/)B(x) = 0 on the

interval [18 , 9
2 ]c and µA(/)B(x) = 1 on the interval [1, 2]. By the routine

calculation, we have

µA(/)B(x) =





0, x < 1
8 , 9

2 ≤ x,
8x−1
3x+4 , 1

8 ≤ x < 1,

1, 1 ≤ x < 2,
−2x+9

x+3 , 2 ≤ x < 9
2 .

Thus A(/)B is not a trapezoidal fuzzy set.
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3. Quadratic fuzzy number and
trigonometric fuzzy number

3.1 Quadratic fuzzy number

Similar to triangular fuzzy number, the quadratic fuzzy number is de-

fined by quadratic curve.

Definition 3.1. A quadratic fuzzy number is a fuzzy number A having

membership function

µA(x) =
{

0, x < α, β ≤ x,

−a(x− α)(x− β) = −a(x− k)2 + 1, α ≤ x < β,

where a > 0.

The above quadratic fuzzy number is denoted by A = [α, k, β].

Theorem 3.2. For two quadratic fuzzy numbers A = [x1, k, x2] and B =

[x3,m, x4], we have

1. A(+)B = [x1 + x3, k + m,x2 + x4].

2. A(−)B = [x1 − x4, k −m,x2 − x3].

3. µA(·)B(x) = 0 on the interval [x1x3, x2x4]c and µA(·)B(x) = 1 at

x = km. Note that A(·)B needs not to be a quadratic fuzzy number.

4. µA(/)B(x) = 0 on the interval [x1
x4

, x2
x3

]c and µA(/)B(x) = 1 at x = k
m .

Note that A(/)B needs not to be a quadratic fuzzy number.

Proof. Note that

µA(x) =
{

0, x < x1, x2 ≤ x,

−a(x− k)2 + 1 = −a(x− x1)(x− x2), x1 ≤ x < x2,

13



and

µB(x) =
{

0, x < x3, x4 ≤ x,

−b(x−m)2 + 1 = −b(x− x3)(x− x4), x3 ≤ x < x4.

We calculate exactly four operations using α-cuts. Let Aα = [a(α)
1 , a

(α)
2 ]

and Bα = [b(α)
1 , b

(α)
2 ] are the α-cuts of A and B, respectively. Since α =

−a(a(α)
1 − k)2 + 1 and α = −a(a(α)

2 − k)2 + 1, we have

Aα = [a(α)
1 , a

(α)
2 ] =

[
k −

√
1− α

a
, k +

√
1− α

a

]
.

Similarly, we have

Bα = [b(α)
1 , b

(α)
2 ] =

[
m−

√
1− α

b
, m +

√
1− α

b

]
.

1. Addition : By the above facts,

Aα(+)Bα = [a(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ]

=
[
k + m−

√
1− α

a
−

√
1− α

b
,

k + m +

√
1− α

a
+

√
1− α

b

]
.

Thus µA(+)B(x) = 0 on the interval [k + m− 1√
a
− 1√

b
, k + m + 1√

a
+ 1√

b
]c

= [x1 + x3, x2 + x4]c and µA(+)B(x) = 1 at x = k + m. Therefore

µA(+)B(x)

=

{
0, x < x1 + x3, x2 + x4 ≤ x,

− ab
(
√

a+
√

b)2
{x− (k + m)}2 + 1, x1 + x3 ≤ x < x2 + x4,

i.e., A(+)B = [x1 + x3, k + m,x2 + x4].

2. Subtraction : Since
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Aα(−)Bα = [a(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ]

=
[
k −m−

√
1− α

a
−

√
1− α

b
,

k −m +

√
1− α

a
+

√
1− α

b

]
,

we have µA(−)B(x) = 0 on the interval [k−m− ( 1√
a

+ 1√
b
), k−m+( 1√

a
+

1√
b
)]c = [x1 − x4, x2 − x3] and µA(−)B(x) = 1 at x = k −m. Therefore

µA(−)B(x)

=

{
0, x < x1 − x4, x2 − x3 ≤ x,

− ab
(
√

a+
√

b)2
{x− (k −m)}2 + 1, x1 − x4 ≤ x < x2 − x3,

i.e., A(−)B = [x1 − x4, k −m,x2 − x3].

3. Multiplication : Since

Aα(·)Bα = [a(α)
1 b

(α)
1 , a

(α)
2 b

(α)
2 ]

=
[(

k −
√

1− α

a

)(
m−

√
1− α

b

)
,

(
k +

√
1− α

a

)(
m +

√
1− α

b

)]
,

µA(·)B(x) = 0 on the interval

[(
k − 1√

a

)(
m− 1√

b

)
,
(
k +

1√
a

)(
m +

1√
b

)]c

= [x1x3, x2x4]c

and µA(·)B(x) = 1 at x = km. Therefore

µA(·)B(x)

=





0, x < x1x3, x2x4 ≤ x,

1
4

(
4− 2k2a− 2m2b− 4

√
abx

+2(k
√

a + m
√

b)
√

(k
√

a−m
√

b)2 + 4
√

abx
)
,

x1x3 ≤ x < x2x4.

15



4. Division : Since

Aα(/)Bα =

[
a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

]
=

[
k −

√
1−α

a

m +
√

1−α
b

,
k +

√
1−α

a

m−
√

1−α
b

]
,

µA(/)B(x) = 0 on the interval

[ √b(k
√

a− 1)√
a(m

√
b + 1)

,

√
b(k
√

a + 1)√
a(m

√
b− 1)

]c

=
[x1

x4
,

x2

x3

]c

and µA(/)B(x) = 1 at x = k
m . Therefore

µA(/)B(x)

=

{ 0, x < x1
x4

, x2
x3
≤ x,

a(1−bm2)x2+2
√

ab(1+
√

abkm)x+b(1−ak2)

(
√

ax+
√

b)2
, x1

x4
≤ x < x2

x3
. ¤

Example 3.3. For two quadratic fuzzy numbers A = [1, 2, 3] and B =

[2, 5, 8], we calculate exactly the above four operations using α-cuts. Note

that

µA(x) =
{

0, x < 1, 3 ≤ x,

−(x− 2)2 + 1, 1 ≤ x < 3,

and

µB(x) =
{

0, x < 2, 8 ≤ x,

− 1
9 (x− 5)2 + 1, 2 ≤ x < 8.

Let Aα = [a(α)
1 , a

(α)
2 ] and Bα = [b(α)

1 , b
(α)
2 ]. Since α = −(a(α)

1 −2)2 +1 and

α = −(a(α)
2 −2)2 +1, we have Aα = [a(α)

1 , a
(α)
2 ] = [2−√1− α, 2+

√
1− α].

Similarly, Bα = [b(α)
1 , b

(α)
2 ] = [5− 3

√
1− α, 5 + 3

√
1− α].
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1. Addition : By the above facts, Aα(+)Bα = [a(α)
1 +b

(α)
1 , a

(α)
2 +b

(α)
2 ] =

[7 − 4
√

1− α, 7 + 4
√

1− α]. Thus µA(+)B(x) = 0 on the interval [3, 11]c

and µA(+)B(x) = 1 at x = 7. By the routine calculation, we have

µA(+)B(x) =
{

0, x < 3, 11 ≤ x,

− 1
16 (x− 7)2 + 1, 3 ≤ x < 11,

i.e., µA(+)B(x) = [3, 7, 11].

2. Subtraction : Since Aα(−)Bα = [a(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [−3 −

4
√

1− α,−3 + 4
√

1− α], we have µA(−)B(x) = 0 on the interval [−7, 1]c

and µA(−)B(x) = 1 at x = −3. By the routine calculation, we have

µA(−)B(x) =
{

0, x < −7, 1 ≤ x,

− 1
16 (x + 3)2 + 1, −7 ≤ x < 1,

i.e., µA(−)B(x) = [−7,−3, 1].

3. Multiplication : Since Aα(·)Bα = [a(α)
1 · b(α)

1 , a
(α)
2 · b(α)

2 ] = [13− 3α−
11
√

1− α, 13− 3α+11
√

1− α ], µA(·)B(x) = 0 on the interval [2, 24]c and

µA(·)B(x) = 1 at x = 10. By the routine calculation, we have

µA(·)B(x) =
{

0, x < 2, 24 ≤ x,

− 1
18 (6x + 43− 11

√
12x + 1), 2 ≤ x < 24.

Thus A(·)B is not a quadratic fuzzy number.

4. Division : Since

Aα(/)Bα =

[
a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

]
=

[
2−√1− α

5 + 3
√

1− α
,

2 +
√

1− α

5− 3
√

1− α

]
,

µA(/)B(x) = 0 on the interval [ 18 , 3
2 ]c and µA(/)B(x) = 1 at x = 2

5 . By the

routine calculation, we have
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µA(/)B(x) =





0, x < 1
8 , 3

2 ≤ x,

−(8x− 1)(2x− 3)
(3x + 1)2

, 1
8 ≤ x < 3

2 .

Thus A(·)B is not a quadratic fuzzy number.

3.2 Trigonometric fuzzy number

Similar to triangular fuzzy number, the trigonometric fuzzy number is

defined by trigonometric curve.

Definition 3.4. A trigonometric fuzzy number is a fuzzy number A hav-

ing membership function

µA(x) =
{

0, x < θ1, θ3 ≤ x,

sin(x− θ1), θ1 ≤ x < θ3,

where θ3 − θ1 = π.

The above trigonometric fuzzy number is denoted by A =< θ1, θ2, θ3 >,

where θ2 = θ1 + π
2 . And for all trigonometric fuzzy number A =<

θ1, θ2, θ3 >, we define sin−1(·) as an inverse of sin(·) : [0, θ2 − θ1] → [0, 1].

Theorem 3.5. For two trigonometric fuzzy numbers A =< c1, c2, c3 >

and B =< d1, d2, d3 >, we have

1. A(+)B =< c1 + d1, c2 + d2, c3 + d3 >.

2. A(−)B =< c1 − d3, c2 − d2, c3 − d1 >.

3. A(·)B and A(/)B are expressed by trigonometric function.

Proof. Note that

µA(x) =
{

0, x < c1, π + c1 ≤ x,

sin(x− c1), c1 ≤ x < π + c1,
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and

µB(x) =
{

0, x < d1, π + d1 ≤ x,

sin(x− d1), d1 ≤ x < π + d1.

We calculate exactly four operations using α-cuts. Let Aα = [a(α)
1 , a

(α)
2 ]

and Bα = [b(α)
1 , b

(α)
2 ] be the α-cuts of A and B, respectively. Since α =

sin(a(α)
1 − c1) and a

(α)
2 = π + 2c1 − a

(α)
1 , we have

Aα = [a(α)
1 , a

(α)
2 ] =

[
sin−1 α + c1, π + c1 − sin−1 α

]
,

where 0 ≤ sin−1 α ≤ c2 − c1. Similarly,

Bα = [b(α)
1 , b

(α)
2 ] =

[
sin−1 α + d1, π + d1 − sin−1 α

]
.

1. Addition : By the above facts,

Aα(+)Bα = [a(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ]

=
[
2 sin−1 α + c1 + d1, 2(π − sin−1 α) + c1 + d1

]
.

Thus µA(+)B(x) = 0 on the interval [c1+d1, 2π+c1+d1]c = [c1+d1, c3+d3]c

and µA(+)B(x) = 1 at x = π + c1 + d1 = c2 + d2. Therefore

µA(+)B(x)

=
{

0, x < c1 + d1, c3 + d3 ≤ x,

sin 1
2 (x− c1 − d1), c1 + d1 ≤ x < c3 + d3,

i.e., A(+)B =< c1 + d1, c2 + d2, c3 + d3 > .

2. Subtraction : Since

Aα(−)Bα = [a(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ]

=
[
2 sin−1 α + c1 − d1 − π, π + c1 − d1 − 2 sin−1 α

]
,
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we have µA(−)B(x) = 0 on the interval [c1 − d1 − π, π + c1 − d1]c =

[c1 − d3, c3 − d1]c and µA(−)B(x) = 1 at x = c1 − d1. Therefore
µA(−)B(x)

=
{

0, x < c1 − d3, c3 − d1 ≤ x,

sin 1
2 (x + π + d1 − c1), c1 − d3 ≤ x < c3 − d1,

i.e., A(−)B =< c1 − d3, c1 − d1, c3 − d1 > .

3. Multiplication : Since

Aα(·)Bα = [a(α)
1 · b(α)

1 , a
(α)
2 · b(α)

2 ]

= [c1d1 + (d1 + c1) sin−1 α + (sin−1 α)2, π2 + (d1 + c1)π

+ c1d1 − (2π + d1 + c1) sin−1 α + (sin−1 α)2],

we have µA(·)B(x) = 0 on the interval [c1d1, π
2 + (d1 + c1)π + c1d1]c =

[c1d1, c3d3]c and µA(·)B = 1 at x = π2

4 +(d1+c1)π
2 +c1d1 = c2d2. Therefore

µA(·)B(x) =





0, x < c1d1, c3d3 ≤ x,

sin 1
2

(
−(c1 + d1) +

√
(d1 + c1)2 − 4(c1d1 − x)

)
,

c1d1 ≤ x < c3d3.

Note that A(·)B is not a trigonometric fuzzy number, but the membership

function of A(·)B is expressed by trigonometric function.

4. Division : Since

Aα(/)Bα =

[
a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

]

=

[
sin−1 α + c1

− sin−1 α + π + d1

,
− sin−1 α + c1 + π

sin−1 α + d1

]
,

we have µA(/)B(x) = 0 on the interval [ c1
π+d1

, π+c1
d1

]c=[ c1
d3

, c3
d1

]c
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and µA(/)B(x) = 1 at x =
π
2 +c1
π
2 +d1

= c2
d2

. Therefore

µA(/)B(x) =

{
0, x < c1

d3
, c3

d1
≤ x,

sin (π+d1)x−c1
x+1 , c1

d3
≤ x < c3

d1
.

Note that A(/)B is not a trigonometric fuzzy number, but the membership

function of A(/)B is expressed by trigonometric function. ¤

Example 3.6. For two trigonometric fuzzy numbers A=< π
2 , π, 3π

2 > and

B=< π
3 , 5π

6 , 4π
3 >, we calculate exactly the above four operations using α-

cuts. Note that

µA(x) =
{

0, x < π
2 , 3

2π ≤ x,

sin(x− π
2 ), π

2 ≤ x < 3
2π,

and

µB(x) =
{

0, x < π
3 , 4

3π ≤ x,

sin(x− π
3 ), π

3 ≤ x < 4
3π.

Put Aα = [a(α)
1 , a

(α)
2 ] and Bα = [b(α)

1 , b
(α)
2 ]. Since α = sin(a(α)

1 − π
2 ) and

a
(α)
2 = 2π − a

(α)
1 , we have Aα = [a(α)

1 , a
(α)
2 ] = [π

2 + sin−1 α, 3
2π − sin−1 α].

Similarly, Bα = [b(α)
1 , b

(α)
2 ] = [π

3 + sin−1 α, 4
3π − sin−1 α].

1. Addition : By the above facts, Aα(+)Bα = [a(α)
1 +b

(α)
1 , a

(α)
2 +b

(α)
2 ] =

[ 56π + 2 sin−1 α, 17
6 π − 2 sin−1 α]. Thus µA(+)B(x) = 0 on the interval

[ 56π, 17
6 π]c and µA(+)B(x) = 1 at x = 11

6 π. Therefore

µA(+)B(x) =
{

0, x < 5
6π, 17

6 π ≤ x,

sin 1
2 (x− 5

6π), 5
6π ≤ x < 17

6 π,

i.e., A(+)B =< 5
6π, 11

6 π, 17
6 π >.
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2. Subtraction : Since Aα(−)Bα = [a(α)
1 −b

(α)
2 , a

(α)
2 −b

(α)
1 ] = [2 sin−1 α−

5
6π, 7

6π−2 sin−1 α], we have µA(−)B(x) = 0 on the interval [− 5
6π, 7

6π]c and

µA(−)B(x) = 1 at x = π
6 . Therefore

µA(−)B(x) =
{

0, x < − 5
6π, 7

6π ≤ x,

sin 1
2 (x + 5

6π), − 5
6π ≤ x < 7

6π,

i.e., A(−)B =< − 5
6π, 1

6π, 7
6π >.

3. Multiplication : Since

Aα(·)Bα = [a(α)
1 · b(α)

1 , a
(α)
2 · b(α)

2 ]

= [
π2

6
+

5
6
π sin−1 α + (sin−1 α)2,

2π2 − 17
6

π sin−1 α + (sin−1 α)2],

we have µA(·)B(x) = 0 on the interval [π2

6 , 2π2]c and µA(·)B = 1 at x =
5
6π2. Therefore

µA(·)B(x) =





0, x < π2

6 , 2π2 ≤ x,

sin
(
− 5

12π +
√

π2

144 + x
)
, π2

6 ≤ x < 2π2.

4. Division : Since

Aα(/)Bα =

[
a
(α)
1

b
(α)
2

,
a
(α)
2

b
(α)
1

]
=

[
2 sin−1 α + 3π

8π − 6 sin−1 α
,
9π − 6 sin−1 α

6 sin−1 α + 2π

]
,

we have µA(/)B(x) = 0 on the interval [ 38 , 9
2 ]c and µA(/)B(x) = 1 at x = 4

5 .

Therefore

µA(/)B(x) =

{
0, x < 3

8 , 9
2 ≤ x,

sin 8πx−3π
2(1+3x) ,

3
8 ≤ x < 9

2 .
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4. Fuzzy probability

4.1 Probability space and fuzzy probability

Let Ω be a nonempty set. Let F be a σ-field of subsets of Ω, that is, a

nonempty class of subsets of Ω which is closed under countable union and

complement.

Let P be a measure defined on F satisfying P (Ω) = 1, i.e., P satisfies

(1) P (A) ≥ 0 for all A ∈ F.

(2) P (
⋃∞

n=1 An) =
∑∞

n=1 P (An), for all disjoint subsets An.

(3) P (Ω) = 1.

Then the triple (Ω,F, P ) is called a probability space, and P , a probability

measure. The set Ω is the sure event, and elements of F are called events.

We note that, if An ∈ F, n = 1, 2, · · · , then Ac
n,∪∞n=1An,∩∞n=1An,

lim infn→∞An, lim supn→∞An, and limn→∞An, if it exists, are events.

Moreover,

P (lim inf
n→∞

An) ≤ lim inf
n→∞

P (An) ≤ lim sup
n→∞

P (An) ≤ P (lim sup
n→∞

An),

and, if limn→∞An exists, then

P ( lim
n→∞

An) = lim
n→∞

P (An).

This is known as the continuity property of probability measures.

Definition 4.1. Let (Ω, F, P ) be a probability space. A real-valued func-

tion X defined on Ω is said to be a random variable if

X−1(E) = {ω ∈ Ω : X(ω) ∈ E} ∈ F for all E ∈ B,
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where B is the σ-field of Borel sets in R = (−∞,∞) ; that is, a random

variable X is a measurable transformation of (Ω, F, P ) into (R,B).

Remark. X is a random variable if and only if X−1(I) ∈ F for all inter-

vals I = (a, b], a, b ∈ R.

We note that a random variable X defined on (Ω,F, P ) induces a mea-

sure PX on B defined by the relation

PX(E) = P{X−1(E)} (E ∈ B).

Clearly, PX is a probability measure on B and is called the probability

distribution or the distribution of X. We note that PX is a Lebesgue-

Stieltjes measure on B.

Definition 4.2. Let X be a random variable. The function FX : R→ R

defined by

FX(x) = PX(−∞, x] = P{ω ∈ Ω : X(ω) ≤ x}.

is called the distribution of X.

Theorem 4.3. The distribution function F of a random variable X is a

nondecreasing, right-continuous function on R which satisfies

F (−∞) = lim
x→−∞

F (x) = 0

and

F (∞) = lim
x→∞

F (x) = 1.
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Let (Ω, F, P ) be a probability space, and X be a random variable defined

on it. Let g be a real-valued Borel-measurable function on R. Then g(X)

is also a random variable.

Definition 4.4. We say that the mathematical expectation of g(X) exists

if

E[g(X)] =
∫

Ω

g(X(ω)) dP (ω) =
∫

Ω

g(X) dP

is finite.

It is known that if E[g(X)] exists, then g is also integrable over R with

respect to PX . Moreover, the relation

(4.1)
∫

Ω

g(X) dP =
∫

R
g(t) dPX(t)

holds. We note that the integral on the right-hand side of (4.1) is the

Lebesgue-Stieltjes integral of g with respect to PX .

In particular, if g is continuous on R and E[g(X)] exists, we can rewrite

(4.1) as follows

∫

Ω

g(X) dP =
∫

R
g dPX =

∫ ∞

−∞
g(x) dF (x),

where F is the distribution function corresponding to PX , and the last

integral is a Riemann-Stieltjes integral.

Let F be absolutely continuous on R with probability density function

f(x) = F ′(x). Then E[g(X)] exists if and only if
∫∞
−∞ |g(x)|f(x)dx is finite

and in that case we have
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E[g(X)] =
∫ ∞

−∞
g(x)f(x) dx.

We note some elementary properties of random variables with finite

expectations which follow as immediate consequences of the properties

of integrable functions. Let F1 = F1(Ω, F, P ) be the set of all random

variables with finite expectations. In the followings, we write a.s. to

abbreviate ”almost surely with respect to the probability distribution of

X on (R, B)”.

1. X,Y ∈ F1 and α, β ∈ R⇒ αX + βY ∈ F1 and E(αX + βY ) =

αE[X] + βE[Y ].

2. X ∈ F1 ⇒ |E[X]| ≤ E[|X|].
3. X ∈ F1, X ≥ 0 a.s. ⇒ E[X] ≥ 0.

4. Let X ∈ F1. Then E[|X|] = 0 ⇔ X = 0 a.s..

5. For A ∈ F, write χA for the indicator function of the set A, that is,

χA = 1 on A and χA = 0 otherwise. Then X ∈ F1 ⇒ X · χA ∈ F1,

and we write ∫

A

XdP = E[X · χA].

Also, E[|X| · χA] = 0 ⇔ either P (A) = 0 or X = 0 a.s. on A.

6. If X ∈ F1, then X = 0 a.s. ⇔ E[X · χA] = 0 for all A ∈ F.

7. Let X ∈ F1 and A ∈ F. If α ≤ X ≤ β a.s. on A for α, β ∈ R, then

αP (A) ≤
∫

A

XdP ≤ βP (A).

8. Let Y ∈ F1, and X be a random variable such that |X| ≤ |Y | a.s..

Then X ∈ F1 and E[|X|] ≤ E[|Y |]. In particular, if X is bounded

a.s., then X ∈ F1.
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Example 4.5. Let the random variable X have the normal distribution,

denoted by X ∼ N(m,σ2), with the probability density function

f(x) =
1√
2πσ

e
−(x−m)2

2σ2 , x ∈ R,

where σ2 > 0 and m ∈ R. Then E[|X|γ ] < ∞ for every γ > 0, and we

have

E[X] = m and E[(X −m)2] = σ2.

The induced measure PX is called the normal distribution.

A fuzzy set A on Ω is called a fuzzy event. Let µA(·) be the mem-

bership function of the fuzzy event A. Then the probability of the fuzzy

event A is defined by Zadeh([17]) as

P̃ (A) =
∫

Ω

µA(ω) dP (ω), µA(ω) : Ω → [0, 1].

Theorem 4.6. The probability of the fuzzy event satisfies the following

properties.

1. P̃ (A ∪B) = P̃ (A) + P̃ (B)− P̃ (A ∩B).

2. P̃ (Ac) = 1− P̃ (A).

3. P̃ (A+̂B) = P̃ (A) + P̃ (B)− P̃ (A ·B).

Proof.

1. P̃ (A ∪B) =
∫
Ω

µA∪B(ω)dP (ω)

=
∫
Ω
(µA(ω) + µB(ω)− µA∩B(ω))dP (ω)

=
∫
Ω

µA(ω)dP (ω) +
∫
Ω

µB(ω)dP (ω)− ∫
Ω

µA∩B(ω)dP (ω)

= P̃ (A) + P̃ (B)− P̃ (A ∩B)

2. P̃ (Ac) =
∫
Ω

µAc(ω)dP (ω)
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=
∫
Ω
{1− µA(ω)}dP (ω)

= 1− P̃ (A)

3. P̃ (A+̂B) =
∫
Ω

µ
A+̂B

(ω)dP (ω)

=
∫
Ω
(µA(ω) + µB(ω)− µA(ω) · µB(ω))dP (ω)

=
∫
Ω

µA(ω)dP (ω) +
∫
Ω

µB(ω)dP (ω)

− ∫
Ω

µA(ω) · µB(ω)dP (ω)

= P̃ (A) + P̃ (B)− P̃ (A ·B) ¤

4.2 Normal fuzzy probability

Definition 4.7. The normal fuzzy probability P̃ (A) of a fuzzy set A on

R is defined by

P̃ (A) =
∫

R
µA(x) dPX ,

where PX is the normal distribution.

Theorem 4.8. The normal fuzzy probability P̃ (A) of a triangular fuzzy

number A = (a1, a2, a3) is

P̃ (A) =
m− a1

a2 − a1

(
N(

a2 −m

σ
)−N(

a1 −m

σ
)
)

+
σ√

2π(a2 − a1)

(
e−

(a1−m)2

2σ2 − e−
(a2−m)2

2σ2

)

+
m− a3

a2 − a3

(
N(

a3 −m

σ
)−N(

a2 −m

σ
)
)

+
σ√

2π(a2 − a3)

(
e−

(a2−m)2

2σ2 − e−
(a3−m)2

2σ2

)
,

where N(a) is the standard normal distribution, that is,
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N(a) =
1√
2π

∫ a

−∞
e−

t2
2 dt.

Proof. Since

µA(x) =





0, x < a1, a3 ≤ x,
x−a1
a2−a1

, a1 ≤ x < a2,

a3−x
a3−a2

, a2 ≤ x < a3,

we have

P̃ (A) =
∫

R
µA(x) dPX

=
∫ a2

a1

g1(x)f(x) dx +
∫ a3

a2

g2(x)f(x) dx,

where g1(x) =
x− a1

a2 − a1
, g2(x) =

a3 − x

a3 − a2
and f(x) =

1√
2πσ

e−
(x−m)2

2σ2 .

Put x−m
σ = t, then

P̃ (A) =
∫ a2

a1

x− a1

a2 − a1

1√
2πσ

e−
(x−m)2

2σ2 dx +
∫ a3

a2

a3 − x

a3 − a2

1√
2πσ

e−
(x−m)2

2σ2 dx

=
1√

2π(a2 − a1)

∫ a2−m

σ

a1−m

σ

(m + σt)e−
t2
2 dt

− a1√
2π(a2 − a1)

∫ a2−m

σ

a1−m

σ

e−
t2
2 dt

+
1√

2π(a2 − a3)

∫ a3−m

σ

a2−m

σ

(m + σt)e−
t2
2 dt

− a3√
2π(a2 − a3)

∫ a3−m

σ

a2−m

σ

e−
t2
2 dt
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=
m√

2π(a2 − a1)

∫ a2−m

σ

a1−m

σ

e−
t2
2 dt +

σ√
2π(a2 − a1)

∫ a2−m

σ

a1−m

σ

te−
t2
2 dt

− a1√
2π(a2 − a1)

∫ a2−m

σ

a1−m

σ

e−
t2
2 dt +

m√
2π(a2 − a3)

∫ a3−m

σ

a2−m

σ

e−
t2
2 dt

+
σ√

2π(a2 − a3)

∫ a3−m

σ

a2−m

σ

te−
t2
2 dt− a3√

2π(a2 − a3)

∫ a3−m

σ

a2−m

σ

e−
t2
2 dt

=
m− a1

a2 − a1

(
N(

a2 −m

σ
)−N(

a1 −m

σ
)
)

+
σ√

2π(a2 − a1)

(
e−

(a1−m)2

2σ2 − e−
(a2−m)2

2σ2

)

+
m− a3

a2 − a3

(
N(

a3 −m

σ
)−N(

a2 −m

σ
)
)

+
σ√

2π(a2 − a3)

(
e−

(a2−m)2

2σ2 − e−
(a3−m)2

2σ2

)
. ¤

Example 4.9. 1. Let A = (1, 3, 5) be a triangular fuzzy number. Then

the normal fuzzy probability of A with respect to X ∼ N(3, 22) is 0.3687.

In fact,

putting x−3
2 = t,

P̃ (A) =
∫ 3

1

x− 1
2

· 1
2
√

2π
e−

(x−3)2

8 dx +
∫ 5

3

5− x

2
· 1
2
√

2π
e−

(x−3)2

8 dx

=
1

2
√

2π

∫ 0

−1

(2t + 2)e−
t2
2 dt +

1
2
√

2π

∫ 1

0

(2− 2t)e−
t2
2 dt

=
1√
2π

∫ 0

−1

te−
t2
2 dt +

1√
2π

∫ 0

−1

e−
t2
2 dt +

1√
2π

∫ 1

0

e−
t2
2 dt

− 1√
2π

∫ 1

0

te−
t2
2 dt
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=
1√
2π

(e−
1
2 − 1) +

(
N(0)−N(−1)

)
+

(
N(1)−N(0)

)

− 1√
2π

(1− e−
1
2 )

= 0.3687.

2. Let B = (2, 4, 6) be a triangular fuzzy number. Then the normal

fuzzy probability of A with respect to X ∼ N(3, 22) is 0.3315. In fact,

putting x−3
2 = t,

P̃ (A) =
∫ 4

2

x− 2
2

· 1
2
√

2π
e−

(x−3)2

8 dx +
∫ 6

4

6− x

2
· 1
2
√

2π
e−

(x−3)2

8 dx

=
1

2
√

2π

∫ 1
2

−1
2

(2t + 1)e−
t2
2 dt +

1
2
√

2π

∫ 3
2

1
2

(3− 2t)e−
t2
2 dt

=
1√
2π

∫ 1
2

−1
2

te−
t2
2 dt +

1
2
√

2π

∫ 1
2

−1
2

e−
t2
2 dt +

3
2
√

2π

∫ 3
2

1
2

e−
t2
2 dt

− 1√
2π

∫ 3
2

1
2

te−
t2
2 dt

=
1
2

(
N(

1
2
)−N(

−1
2

)
)

+
3
2

(
N(

3
2
)−N(

1
2
)
)

− 1√
2π

(e−
1
8 − e−

9
8 )

= 0.3315.

3. Let A = (1, 3, 5) be a triangular fuzzy number. Then the normal

fuzzy probability of A with respect to X ∼ N(3, 32) is 0.2565. In fact,

putting x−3
3 = t,

P̃ (A) =
∫ 3

1

x− 1
2

· 1
3
√

2π
e−

(x−3)2

18 dx +
∫ 5

3

5− x

2
· 1
3
√

2π
e−

(x−3)2

18 dx

=
1

2
√

2π

∫ 0

−2
3

(3t + 2)e−
t2
2 dt +

1
2
√

2π

∫ 2
3

0

(2− 3t)e−
t2
2 dt
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=
3

2
√

2π

∫ 0

−2
3

te−
t2
2 dt +

1√
2π

∫ 0

−2
3

e−
t2
2 dt +

1√
2π

∫ 2
3

0

e−
t2
2 dt

− 3
2
√

2π

∫ 2
3

0

te−
t2
2 dt

=
3

2
√

2π
(e−

2
9 − 1) +

(
N(0)−N(

−2
3

)
)

+
(
N(

2
3
)−N(0)

)

− 3
2
√

2π
(1− e−

2
9 )

= 0.2565.

By Example 4.9, we have the following property of normal fuzzy prob-

ability for triangular fuzzy numbers.

Remark. 1. The normal fuzzy probability of the triangular fuzzy number

A = (b−a, b, b+a) with respect to fixed X ∼ N(m,σ2) takes its maximum

at b = m.

2. For fixed triangular fuzzy number A = (m−a,m, m+a), let P̃1 and

P̃2 be the normal fuzzy probabilities of A with respect to X ∼ N(m,σ2
1)

and X ∼ N(m,σ2
2), respectively. Then P̃1 ≤ P̃2 if σ1 ≥ σ2.

Now, we calculate the normal fuzzy probability for the four operations

of two triangular fuzzy numbers. Since addition and subtraction of two

triangular fuzzy numbers are triangular fuzzy numbers, the normal fuzzy

probabilities of addition and subtraction can be calculated by the same

way. But, in calculating of the normal fuzzy probabilities for multiplica-

tion and division of two triangular fuzzy numbers, we have to calculate

the integrals of the following two forms ;

Form 1. µA(x) =
√

ax + b
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P̃ =
∫ √

ax + b
1√
2πσ

e−
(x−m)2

2σ2 dx

=
1√
2πσ

∫ √
ax + b e−

(x−m)2

2σ2 dx

=
1√
2πσ

(
−
√

ax + b
√

π
2 Erf(σ(m−x)√

2
)

σ

)
,

where

Erf(x) =
2√
π

∫ x

0

e−z2
dz.

Form 2. µA(x) =
cx + d

ax + b
=

p

ax + b
+ q

P̃ =
∫ ( p

ax + b
+ q

) 1√
2πσ

e−
(x−m)2

2σ2 dx

=
p√
2πσ

∫
e−

(x−m)2

2σ2

ax + b
dx +

q√
2πσ

∫
e−

(x−m)2

2σ2 dx

=
p√
2πσ

(√
π
2 Erf(σ(m−x)√

2
)

(ax + b)σ

)
+

q√
2πσ

(
−

√
π
2 Erf(σ(m−x)√

2
)

σ

)
.

Example 4.10. We calculate the normal fuzzy probabilities for multipli-

cation and division of two triangular fuzzy numbers in Example 2.15 with

respect to X ∼ N(5, 4).

1. Multiplication

P̃ =
∫

µA(·)B(x)dPX

=
∫ 8

2

−2 +
√

2x

2
1

2
√

2π
e−

(x−5)2

2·4 dx

+
∫ 20

8

7−√9 + 2x

2
· 1
2
√

2π
e−

(x−5)2

2·4 dx
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=
−2

4
√

2π

∫ 8

2

e−
(x−5)2

8 dx +
1

4
√

2π

∫ 8

2

√
2x e−

(x−5)2

8 dx

+
7

4
√

2π

∫ 20

8

e−
(x−5)2

8 dx− 1
4
√

2π

∫ 20

8

√
9 + 2x e−

(x−5)2

8 dx

= − 1√
2π

∫ 3
2

− 3
2

e−
t2
2 dt +

1
4
√

2π

∫ 8

2

√
2x e−

(x−5)2

8 dx

+
7

2
√

2π

∫ 15
2

3
2

e−
t2
2 dt− 1

4
√

2π

∫ 20

8

√
9 + 2x e−

(x−5)2

8 dx

= N(−3
2
)−N(

3
2
) +

1
4
√

2π

∫ 8

2

√
2x e−

(x−5)2

8 dx

+
7
2

(
(N(

15
2

)−N(
3
2
)
)
− 1

4
√

2π

∫ 20

8

√
9 + 2x e−

(x−5)2

8 dx

= 0.5485.

2. Division

P̃ =
∫

µA(/)B(x)dPX

=
∫ 1

2

1
5

5x− 1
x + 1

· 1
2
√

2π
e−

(x−5)2

2·4 dx +
∫ 2

1
2

−x + 2
x + 1

· 1
2
√

2π
e−

(x−5)2

2·4 dx

=
1

2
√

2π

∫ 1
2

1
5

(
− 6

x + 1
+ 5

)
e−

(x−5)2

8 dx

+
1

2
√

2π

∫ 2

1
2

( 3
x + 1

− 1
)

e−
(x−5)2

8 dx

=
−3√
2π

∫ 1
2

1
5

e−
(x−5)2

8

x + 1
dx +

5
2
√

2π

∫ 1
2

1
5

e−
(x−5)2

8 dx

+
3

2
√

2π

∫ 2

1
2

e−
(x−5)2

8

x + 1
dx− 1

2
√

2π

∫ 2

1
2

e−
(x−5)2

8 dx

=
−3√
2π

∫ 1
2

1
5

e−
(x−5)2

8

x + 1
dx +

5√
2π

∫ − 9
4

− 12
5

e−
t2
2 dt
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+
3

2
√

2π

∫ 2

1
2

e−
(x−5)2

8

x + 1
dx− 1√

2π

∫ − 3
2

− 9
4

e−
t2
2 dt

=
−3√
2π

∫ 1
2

1
5

e−
(x−5)2

8

x + 1
dx + 5

(
N(−9

4
)−N(−12

5
)
)

+
3

2
√

2π

∫ 2

1
2

e−
(x−5)2

8

x + 1
dx−

(
N(−3

2
)−N(−9

4
)
)

= 0.0177.

4.3 Exponential fuzzy probability

In this section, we define the exponential fuzzy probability using the

exponential distribution.

Example 4.11. Let the random variable X have the exponential distri-

bution with the probability density function

f(x) = λe−λx,

for x ≥ 0 and λ > 0. Then we have

E[X] =
1
λ

and E[(X − 1
λ

)2] =
1
λ2

.

The induced measure PX is called the exponential distribution.

Definition 4.12. The exponential fuzzy probability P̃ (A) of a fuzzy set A

on R is defined by

P̃ (A) =
∫

R
µA(x) dPX ,

where PX is exponential distribution.
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Theorem 4.13. The exponential fuzzy probability P̃ (A) of a triangular

fuzzy number A = (a1, a2, a3) is

P̃ (A) =
λa2

(a2 − a1)

[
e−λa2(−a1a2 +

a2
2

2
)− e−λa1(−a2

1

2
)
]

+
λa3

a3 − a2

[
e−λa3(

a2
3

2
)− e−λa1(a3a2 − a2

2

2
)
]
.

Proof. Since

µA(x) =





0, x < a1, a3 ≤ x,
x−a1
a2−a1

, a1 ≤ x < a2,

a3−x
a3−a2

, a2 ≤ x < a3,

we have

P̃ (A) =
∫

R
µA(x) dPX

=
∫ a2

a1

g1(x)f(x) dx +
∫ a3

a2

g2(x)f(x) dx,

where g1(x) =
x− a1

a2 − a1
, g2(x) =

a3 − x

a3 − a2
and f(x) = λe−λx(x ≥ 0).

P̃ (A) =
∫ a2

a1

x− a1

a2 − a1
λe−λxdx +

∫ a3

a2

a3 − x

a3 − a2
λe−λxdx

=
λ

(a2 − a1)

∫ a2

a1

(x− a1)e−λxdx +
λ

(a3 − a2)

∫ a3

a2

(a3 − x)e−λxdx

=
λa2

(a2 − a1)

[
e−λa2(−a1a2 +

a2
2

2
)− e−λa1(−a2

1

2
)
]

+
λa3

a3 − a2

[
e−λa3(

a2
3

2
)− e−λa1(a3a2 − a2

2

2
)
]
. ¤
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Example 4.14. Let A = (1, 4, 6) be a triangular fuzzy number. Then

the exponential fuzzy probability with respect to λ = 2 is

P̃ (A) =
∫ 4

1

x− 1
3

· 2e−2xdx +
∫ 6

4

6− x

2
· 2e−2xdx

=
[2
3
e−2x(

1
4
− x

2
)
]4

1
+

[
e−2x(−11

4
+

x

2
)
]6

4

= 0.0225.

Example 4.15. We calculate the exponential fuzzy probabilities for mul-

tiplication and division of two triangular fuzzy numbers in Example 2.15

with respect to λ = 2.

1. Multiplication

P̃ =
∫

µA(·)B(x)dPX

=
∫ 8

2

−2 +
√

2x

2
· 2e−2xdx +

∫ 20

8

7−√9 + 2x

2
· 2e−2xdx

= −2
∫ 8

2

e−2xdx +
∫ 8

2

√
2x e−2xdx + 7

∫ 20

8

e−2xdx

−
∫ 20

8

√
9 + 2x e−2xdx

= 0.0021.

2. Division

P̃ =
∫

µA(/)B(x)dPX

=
∫ 1

2

1
5

5x− 1
x + 1

· 2 e−2xdx +
∫ 2

1
2

−x + 2
x + 1

· 2 e−2xdx

= 0.3604.
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5. Fuzzy probability for fuzzy numbers
driven by operations

We derive the explicit formula for the normal and the exponential fuzzy

probability for quadratic fuzzy number and trigonometric fuzzy number

and give some examples.

5.1 Normal fuzzy probability for quadratic fuzzy

number and trigonometric fuzzy number

Theorem 5.1. Let X ∼ N(m,σ2) and A = [α, k, β] be a quadratic fuzzy

number. Then the normal fuzzy probability of A is

P̃ (A) =
σ√
2π

(
(aα + am + b)e−

(α−m)2

2σ2 − (aβ + am + b)e−
(β−m)2

2σ2

)

+ (aσ2 + am2 + bm + c)
[
N

(β −m

σ

)−N
(α−m

σ

)]
.

Proof. Note that

µA(x) =
{

0, x < α, β ≤ x,

ax2 + bx + c = a(x− α)(x− β), α < x < β.

Putting x−m
σ = t,

P̃ (A) =
∫ β

α

(ax2 + bx + c)
1√
2πσ

e−
(x−m)2

2σ2 dx

=
1√
2π

∫ β−m
σ

α−m
σ

{a(σt + m)2 + b(σt + m) + c}e− t2
2 dt

=
aσ2

√
2π

∫ β−m
σ

α−m
σ

t2e−
t2
2 dt +

2aσm + bσ√
2π

∫ β−m
σ

α−m
σ

te−
t2
2 dt

38



+
(am2 + bm + c)√

2π

∫ β−m
σ

α−m
σ

e−
t2
2 dt

=
σ√
2π

(
(aα + am + b)e−

(α−m)2

2σ2 − (aβ + am + b)e−
(β−m)2

2σ2

)

+ (aσ2 + am2 + bm + c)
[
N

(β −m

σ

)−N
(α−m

σ

)]
. ¤

Corollary 5.2. If a quadratic fuzzy number A = [α, k, β] is represented

by

µA(x) =
{

0, x < α, β ≤ x,

a(x− k)2 + 1, α ≤ x < β,

then

P̃ (A) =
σ√
2π

(
a(α + m− 2k)e−

(α−m)2

2σ2 − a(β + m− 2k)e−
(β−m)2

2σ2

)

+
(
a(σ2 + (m− k)2) + 1

) ·
[
N

(β −m

σ

)−N
(α−m

σ

)]
.

Example 5.3. Let A = [1, 2, 3] be a quadratic fuzzy number. Then the

normal fuzzy probability of A with respect to X ∼ N(3, 22) is

P̃ (A) =
∫ ∞

−∞
(−x2 + 4x− 3)

1
2
√

2π
e−

(x−3)2

8 dx

=
−4√
2π

∫ 0

−1

t2e−
t2
2 dt− 4√

2π

∫ 0

−1

te−
t2
2 dt

=
4√
2π

(0 + e−
1
2 )− 4(N(0)−N(−1)) +

4√
2π

(1− e−
1
2 )

= 0.2304.
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Since the results of addition and subtraction of two quadratic fuzzy

numbers are quadratic fuzzy numbers, the normal fuzzy probability can

be calculated by Theorem 5.1. But multiplication and division of two

quadratic fuzzy number may not to be quadratic fuzzy numbers. So we

have to calculate by definition.

Example 5.4. Let X ∼ N(5, 22) and consider the fuzzy numbers in

Example 3.3.

1. Multiplication

P̃ =
∫ 24

2

−(6x + 43) + 11
√

12x + 1
18

1
2
√

2π
e−

(x−5)2

8 dx

= − 1
6
√

2π

∫ 24

2

x e−
(x−5)2

8 dx +
43

36
√

2π

∫ 24

2

e−
(x−5)2

8 dx

+
1

2
√

2π

∫ 24

2

11
√

12x + 1 e−
(x−5)2

8 dx

= 0.6402.

2. Division

P̃ =
∫ 3

2

1
8

−(8x− 1)(2x− 3)
(3x + 1)2

1
2
√

2π
e−

(x−5)2

8 dx

=
−1

2
√

2π

∫ 3
2

1
8

16x2 − 26x + 3
9x2 + 6x + 1

e−
(x−5)2

8 dx

= 0.0145.

Theorem 5.5. Let X ∼ N(m, σ2) and A =< θ1, θ2, θ3 > be a trigono-

metric fuzzy number. Then the normal fuzzy probability of A is

P̃ (A) =
∫ θ3

θ1

sin(x− θ1)
1√
2πσ

e−
(x−m)2

2σ2 dx
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= −1
4

e−
m2

2σ2

[
e

m2−2imσ2−σ4

2σ2 cos θ1 Erfi
(σ2 + im− ix√

2σ

)

+ e
m2+2imσ2−σ4

2σ2 cos θ1 Erfi
(σ2 − im + ix√

2σ

)

+ ie
m2−2imσ2−σ4

2σ2 sin θ1 Erfi
(σ2 + im− ix√

2σ

)

− ie
m2+2imσ2−σ4

2σ2 sin θ1 Erfi
(σ2 − im + ix√

2σ

)]θ3

θ1

where

Erfi(x) =
2

i
√

π

∫ ix

0

e−z2
dz.

Example 5.6. Let A =< 0, π
2 , π > be a trigonometric fuzzy number.

Then the normal fuzzy probability of A with respect to X ∼ N(3, 22) is

P̃ (A) =
∫ π

0

sin x
1

2
√

2π
e−

(x−3)2

8 dx

= −1
4

e−
9
8

[
e−

7
8−3i Erfi

(4 + 3i− ix

2
√

2

)

+ e−
7
8+3i Erfi

(4− 3i + ix

2
√

2

)]π

0

= 0.3003.

Since the results of addition and subtraction of two trigonometric fuzzy

numbers are trigonometric fuzzy numbers, the normal fuzzy probability

can be calculated by Theorem 5.5. But multiplication and division of two

trigonometric fuzzy number may not to be trigonometric fuzzy numbers.

So we have to calculate by definition.

Example 5.7. Let X ∼ N(3, 22) and consider the fuzzy numbers in

Example 3.6.

1. Multiplication
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P̃ =
∫ 2π2

π2
6

sin
(
− 5

12
π +

√
π2

144
+ x

) 1
2
√

2π
e−

(x−3)2

8 dx

= 0.0001.

2. Division

P̃ =
∫ 9

2

3
8

sin
( 8πx− 3π

2(1 + 3x)

) 1
2
√

2π
e−

(x−3)2

8 dx

= 0.0045.

5.2 Exponential fuzzy probability for quadratic

fuzzy number and trigonometric fuzzy number

Theorem 5.8. The exponential fuzzy probability P̃ (A) for quadratic

fuzzy number A = [α, k, β] is

P̃ (A) = −e−λβ
(2a + bλ + cλ2

λ2
+

2a + bλ

λ
β + aβ2

)

+ e−λα
(2a + bλ + cλ2

λ2
+

2a + bλ

λ
α + aα2

)
,

where the membership function of A is −d(x− α)(a− β) = ax2 + bx + c.

Proof. Since

µA(x) =
{

0, x < α, β ≤ x,

ax2 + bx + c = −d(x− k)2 + 1, α ≤ x < β,

we have
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P̃ (A) =
∫ β

α

(ax2 + bx + c)λe−λxdx

=
[
−e−λx(

2a + bλ + cλ2

λ2
+

2a + bλ

λ
x + ax2)

]β

α

= −e−λβ
(2a + bλ + cλ2

λ2
+

2a + bλ

λ
β + aβ2

)

+ e−λα
(2a + bλ + cλ2

λ2
+

2a + bλ

λ
α + aα2

)
. ¤

Example 5.9. Let A = [1, 2, 3] be a quadratic number. Then the expo-

nential fuzzy probability of A with respect to λ = 2 is

P̃ (A) =
∫ 3

−1

(−x2 + 4x− 3)2 · e−2xdx

=
3
2
· e−6 +

1
2
· e−2

= 0.0714.

Similar to Example 5.4, we can calculate the exponential fuzzy proba-

bility for the results of multiplication and division of two quadratic fuzzy

numbers by definition.

Example 5.10. The exponential fuzzy probabilities of the fuzzy numbers

in Example 3.3 with respect to λ = 2 are

1. Multiplication

P̃ =
∫ 24

2

−(6x + 43) + 11
√

12x + 1
18

2 e−2xdx
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= −1
9

∫ 24

2

(6x− 43) e−2xdx +
11
9

∫ 24

2

√
12x + 1 e−2xdx

= 0.0906.

2. Division

P̃ =
∫ 3

2

1
8

−(8x− 1)(2x− 3)
(3x + 1)2

2 e−2xdx

= −2
∫ 3

2

1
8

16x2 − 26x + 3
9x2 + 6x + 1

e−2xdx

= 0.5062.

Theorem 5.11. The exponential fuzzy probability P̃ (A) of a trigono-

metric fuzzy number A =< θ1, θ2, θ3 > is

P̃ (A) = − λ

λ2 + 1
(e−λθ3 cos(θ3 − θ1) + λe−λθ3 sin(θ3 − θ1)− e−λθ1).

Proof.

P̃ (A) =
∫ θ3

θ1

sin(x− θ1) λ e−λxdx

= −λ
[e−λx cos(x− θ1)

λ2 + 1
+

λe−λx sin(x− θ1)
λ2 + 1

]θ3

θ1

= − λ

λ2 + 1
(e−λθ3 cos(θ3 − θ1) + λe−λθ3 sin(θ3 − θ1)− e−λθ1). ¤

Example 5.12. Let A =< 0, π
2 , π > be a trigonometric fuzzy number.

Then the exponential fuzzy probability of A with respect to λ = 2 is
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P̃ (A) =
∫ π

0

sin x 2 e−2xdx

= −2
5
(e−2π cos π + 2 e−2π sin π − e0)

= 0.4007.

Example 5.13. The exponential fuzzy probabilities of the fuzzy numbers

in Example 3.6 with respect to λ = 2 are

1. Multiplication

P̃ =
∫ 2π2

π2
6

sin
(
− 5

12
π +

√
π2

144
+ x

)
2 e−2xdx

= 9.5105× 10−10.

2. Division

P̃ =
∫ 9

2

3
8

sin
( 8πx− 3π

2(1 + 3x)

)
2 e−2xdx

= 0.3184.

45



References

[1] M. Bhattacharyya, Fuzzy Markovian decision process, Fuzzy Sets and

Systems 99 (1998), 273–282.

[2] S. Chai and Y.S. Oh, Fuzzy theory and control, Chungmungak, 2003.

[3] D. Dubois and H. Prade, Fuzzy Sets and Systems : Theory and Ap-

plications, Academic Press, London, 1980.

[4] P.R. Halmos, Measure Theory, D. Van Nostrand, New York, 1950.

[5] A. Kaufmann, Introduction to the theory of fuzzy subsets, Academic

Press, New York, 1975.

[6] A.Kaufmann and M.M.Gupta, Fuzzy Mathematical Models on Engi-

neering and Management Science, North-Holland, 1988.

[7] A.Kaufmann and M.M.Gupta, Introduction to Fuzzy Arithmetic!,

Theory and Applications, Van Nostrand Reinhold Co., New York,

1985.

[8] S. Lim and J.K. Um, The concept of fuzzy probability, Journal of the

Korean statistical society 21, No.2 (1992), 111–125.

[9] M.Mizumoto and K.Tanaka, Some Properties of Fuzzy Sets of Type

2, Information and control 31 (1976), 312-340.

[10] T. Okuda, H. Tanaka and K. Asai, A formulation of fuzzy decision

problems with fuzzy information using probability measures of fuzzy

events, Information and control 38, No.2 (1978).

[11] J.C. Song and Y.S. Yun, On the normal fuzzy probability, Journal of

Basic Sciences 17, No.2 (2004), 17–27.

[12] Zhongyong. Xia, Fuzzy probability system : Fuzzy probability space.1,

North - Holland 120, No.3.

46



[13] Y.S. Yun, J.C. Song and J.W. Park, Normal fuzzy probability for

quadratic fuzzy number, Journal of fuzzy logic and intelligent systems

15, No.3 (2005), 277–281.

[14] L.A. Zadeh, Fuzzy sets as a basis for a theory of passibility, Fuzzy

sets and system 1 (1978), 3–28.

[15] L.A. Zadeh, Information and Control 8, No.338 (1965).

[16] L.A.Zadeh, Outline of a new approach to the analysis of complex

systems and decision processes, IEEE Trans. Systems, Man, and

Cybernetics SMC-3, No.1 (1973), 28-44.

[17] L.A. Zadeh, Probability measures of fuzzy events, J. Math. Anal.

Appl. 23 (1968), 421–427.

[18] L.A. Zadeh, The concept of a linguistic variable and its application to

approximate reasoning - I, Information Sciences 8 (1975), 199–249.

[19] L.A. Zadeh, The concept of a linguistic variable and its application to

approximate reasoning - II, Information Sciences 8 (1975), 301–357.

[20] L.A. Zadeh, The concept of a linguistic variable and its application

to approximate reasoning - III, Information Sciences 9 (1975), 43–80.

[21] H.J.Zimmermann, Fuzzy Set Theory and Its Applications, Kluwer-

Nijhoff Publishing, 1985.

47



<국문초록>

여러가지 퍼지수에 대한 

정규퍼지확률과 지수퍼지확률

  이차곡선과 삼각곡선을 이용하여 이차퍼지수와 삼각퍼지

수를 정의하였고 두 이차퍼지수와 두 삼각퍼지수에 대해 

각각의 사칙연산을 알아보았다. 두 이차퍼지수와 두 삼각

퍼지수의 덧셈과 뺄셈의 연산의 결과는 이차퍼지수와 삼각

퍼지수가 되었고 곱셈, 나눗셈의 연산의 결과는 각각 이차

퍼지수와 삼각퍼지수는 되지 않았으나 두 삼각퍼지수의 곱

셈, 나눗셈의 결과는 삼각함수로 표현이 되었다. 그리고 실

제 예 들을 들어 두 퍼지수의 연산의 결과를 구체적으로 

계산해 보았다. 

  정규분포와 지수분포를 이용하여 정규 퍼지확률과 지수 

퍼지확률을 정의하였고 이차퍼지수와 삼각퍼지수에 대한 

정규 퍼지확률과 지수 퍼지확률을 계산하였다. 또한 두 퍼

지수의 연산의 결과에 대해서도 정규 퍼지확률과 지수 퍼

지확률을 계산하였고 실제 예 들을 들어서도 구체적으로 

계산해 보았다.
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